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1 Introduction 



1.1. Let G be a connected reductive group over Q. Diamond [16] and Fujiwara 
[p7f (independently) have axiomatized the Taylor- Wiles method which allows 
to study some local components T m of a Hecke algebra T for G of suitable 
(minimal) level; when it applies, this method shows at the same time that 
T m is complete intersection and that some cohomology module, viewed as T- 
module, is locally free at m. It has been successfully applied to GL(2)/q |6^| , 
to some quaternionic Hilbert modular cases [|27[, and to some inner forms of 



unitary groups [37]. If one tries to treat other cases, one can let the Hecke 
algebra act faithfully on the middle degree Betti cohomology of an associated 
Shimura variety; then, one of the problems to overcome is the possible presence 
of torsion in the cohomology modules with p-adic integral coefficients. For 
G = GSp(2g) {g > 1), we want to explain in this paper why this torsion is not 
supported by maximal ideals of T which are "non-Eisenstein" and ordinary 
(see below for precise definitions), provided the residual characteristic p is 
prime to the level and greater than a natural bound. A drawback of our 
method is that it necessitates to assume that the existence and some local 
properties of the Galois representations associated to cohomological cuspidal 
representations on G are established. For the moment, they are proven for g < 



2 (see below). In his recent preprint [41], Hida explains for the same symplectic 



groups G how by considering only coherent cohomology, one can let the Hecke 
algebra act faithfully too on cohomology modules whose torsion-freeness is 
built-in (without assuming any conjecture). However for some applications 
(like the relation, for some groups G, between special values of adjoint L- 
functions, congruence numbers, and cardinality of adjoint Selmer groups), the 
use of the Betti cohomology seems indispensable. 
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1.2. Let G = GSp(2g) be the group of symplectic similitudes given by the 
matrix J = ^ ^ ) ' whose entries are gx g-matrices, and s is antidiagonal, 

with non-zero coefficients equal to 1; the standard Borel B, resp. torus T, in 
G consists in upper triangular matrices, resp. diagonal matrices in G. For any 
dominant weight A for (G, B, T), we write A for its dual (that is, the dominant 
weight associated to the Weyl representation dual of that of A). Let p be 
the half-sum of the positive roots. Recall that A is given by a (g + l)-uple 
(a g , . . . , a±; c) G Z 9+1 with c = a\ + . . . + a g mod.2, that A = (a g , . . . , a±; — c) 
and p = (<7, ...,1;0) (see section 3.1 below). Throughout this paper, the 
following integer will be of great importance: 

9 9 
w = |A + p\ = |A| + d = + i) = d + J2ai 

i=i i=i 

where d = g{g + l)/2. It can be viewed as a cohomological weight as follows. 

Let A = Af x Qoo be the ring of rational adles; let Gf resp. G^ be 
the group of Appoints resp. Qoo-points of G. Let U be a "good" open 
compact subgroup of G(Aj) (see Introd. of Sect. 2); let S resp. Su be the 
Shimura variety of infinite level, resp. of level U associated to G; then d = 
dimSjj is the middle degree of the Betti cohomology of Su- Let V\(C) be 
the coefficient system over S resp. Su with highest weight A. See Sect. 2.1 for 
precise definitions. 

Let 7r = TTf (g) 7TQO be a cuspidal automorphic representation of G(A) which 
occurs in H d (Su, V\(C)). This means that 

• the 7ry-isotypical component W n = H d {-Kf) of the G/-module H*(S, V\(C)) 
is non-zero, and 

• ^ 0. 

It is known (see Sect. 2. 3.1 below) that the first condition is equivalent to 
the fact that tToq belongs to the L-packet ^x+p °^ Harish-Chandra's parameter 
A + p in the discrete series. 

By a Tate twist, we can restrict ourselves to the case where c = a g + . . .+a\. 
We do this in the sequel. Then, |A| is the Deligne weight of the coefficient 
system V\ and w = |A + p\ is the cohomological weight of H d {Sjj, V\), hence 
the (hypothetical) motivic weight of ir. 

Let p be a prime. Let us fix an embedding l p : Q <^-> Q p . Let v be 
the valuation of Q induced by i p normalized by v (p) = 1; let K be the v- 
adic completion of a number field containing the Hecke eigenvalues of n. We 
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denote by O the valuation ring of (K,v); we fix a local parameter w £ O. 
Let N be the level of U, that is, the smallest positive integer such that the 
principal congruence subgroup U(N) is contained in U. Let TL N resp. TLu{0) 
be the abstract Hecke algebra outside N generated over Z, resp. over O by the 
standard Hecke operators for all primes t prime to N; for any such prime £, let 
Pi{X) G TL N [X] be the minimal polynomial of the Hecke- Frobenius element 
(it is monic, of degree 2», see @ page 247). Let (9^ : W^(O) -> be the 
O-algebra homomorphism associated to 7rj. 

Let G = GSpiri2g+i be the group of spinorial similitudes for the quadratic 
form 

9 

2XjX2g+l-i + X g-\-\'l 

1=1 

it is a split Chevalley group over Z[l/2] (we won't consider the prime p = 2 
in the sequel); it can be viewed as the dual reductive group of G (see Sect. 3. 2 
below); let B, N, T the standard Borel, its unipotent radical, resp. stan- 
dard maximal torus therein. The group G acts faithfully irreducibly on a 
space Vji of dimension 2 s , via the spinorial representation. Let By be the 

upper triangular Borel of GLy. Note that B is mapped into By by the spin 
representation. 



1.3. We put T = Gal(Q/Q). We assume that 

(Gal) there exists a continuous homomorphism 

p w : r - GLy(O) 

associated to ir: that is, unramified outside Np, and such that the charac- 
teristic polynomial of the (arithmetic) Frobenius element cp q at a prime q not 
dividing Np is equal to 6 n (P q (X)). 

We shall make below an assumption on the reduction of p n modulo the 
maximal ideal of O which will imply that p v act absolutely irreducibly on V 
for each geometric fiber; hence the choice of a stable O-lattice Vq in V (8> K is 
unique up to homothety. 

Evidences for (Gal) : For g = 2, assuming 

(Hoi) tToq is in the holomorphic discrete series, 



Weissauer |82|] (see also |32[] and |50|| ) has shown the existence of a four- 
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dimensional p-adic Galois representation 

: T - GL v (Q p ) 

Moreover, his construction, relying on trace formulae, shows actually that 

L(W 7T ,s) i = L(p 7T ,s) m 

From this relation, one sees easily that the irreducibility of p n (g> Idq implies 
that the (Galois) semisimplification of W n>p is isomorphic to n.p n (m = 4n). 

Another crucial assumption for us will be that p is prime to N (hence 
7r is unramified at p). Recall that under this assumption, Faltings has shown 
(Th.6.2 (hi) of |l3| and Th.5.6 of |2l|]) that for any q, the p-adic representation 
Hi(Su ® Q p , V x (Qp)) is crystalline. 

Let Dp, resp. I p be a decomposition subgroup, resp. inertia subgroup of 
r. Via the identification X*(T) = X*(T), we can view any p S X*(T) as 
a cocharacter of T, hence as a homomorphism I p — > Z* — > T(Z p ) — > G{1jp) 
where the first map is the cyclotomic character \ '■ ~> ■ We denote by 
p the character of T whose semisimple part is that of p, but whose central 
parameter is d. it is the highest weight of an irreducible representation of 
G given by p on the derived group G' . The character A + p has coordinates 
(ag + 9i ■ ■ ■ j «l + 1; w )- Let us introduce the assumption of Galois ordinarity, 
denoted in the sequel (GO) : 

1. The image p n (D p ) of the decomposition group is contained in G, 

2. There exists g G G{0) such that 

p w (D p ) C g ■ B(O) • g-\ 

3. the restriction of the conjugate p% to I p , followed by the quotient by the 
unipotent radical g ■ N • g^ 1 of g ■ B ■ g~ 1 factors through — (A + p) : I p — > 
f(Zp). 

Comments: 1) Let us introduce the condition of automorphic ordinarity: 
(AO) For each r = 1, . . . , g, 

^(M T P,r)) = Or+1 + ... + a g 

where T Pt1 . is the classical Hecke operator associated to the double class of 

diag(l r ,p.l2g-2r,p 2 -h-)- 
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We conjecture that for any g, if p n is residually absolutely irreducible, (AO) 
implies (GO). It is well-known for g = 1 (j84jTh.2.2.2, and [|5l|). Moreover, 
for g = 2, it follows from Proposition 7.1 of j72|] together with a recent result 
of E. Urban f|. 

2) The minus sign in front of (A + p) comes from the definition of Hodge- 
Tate weights (for us: the jumps of the Hodge filtration): the weight of the 
Tate representation Z p (n) is — n. 

Let 9 n = mod. w and m = Ker9 n . Our last assumption concerns 
"non-Eisenstein-ness" of the maximal ideal m. It says that the image of the 
residual representation p n induced by p^ on Vq / zuVq is "large enough" . More 
precisely, let Wq be the Weyl group of G, viewed as a subgroup of G. Recall 
the standard description Wg = S g oc {±1} 9 . Let W' C G corresponding to 
{=bl} 9 . The "residually large image assumption" is as follows: 

(RLI) : there exists a split (non necessarily connected) reductive Chevalley 
subgroup H of Gy z with W' oc T C H, and a subfield k' C k, of order say 
\k'\ = 4 = p f ' (/' > 1), so that H(k') v C Imp^ and p n {I p ) C H°(k'). 

Here, H(k') v denotes the subgroup of H{k') consisting in elements whose 
v belongs to Im v o p^. 

It has the consequence that ~p n and p n are absolutely irreducible, hence the 
uniqueness of the stable lattice Vq up to homothety. 



1.4. One defines the sheaf V\{0) over Su using the right action of U p = G(Z P ) 
(see |7| Sect. 2.1). We put V\(A) = V x (0) ®A for any O-module A; these are 
locally constant sheaves on Su- Our main result is as follows. 

Theorem 1 Let ir be cuspidal with ttqo in the discrete series and of good level 
group U , occuring in 

H d (Su,V x (C)); 

let p be a prime not dividing N = level(U), assume (Gal), (GO), (RLI), 
p > 5 and that the weight A is small with respect to p: 

p-l>\\ + p\ 

Then, one has: 

(i) H'(Su, V x (k)) m = H d (Su, V x (k)) m 
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(ii) H'(S V , V x (0)) m = H d (Su, V x {0)) m 
and this O -module is free of finite rank. Similarly, 

{Hi) H'(Su, V x (K/0)) m = H d (Su, V x (K/0)) m 

and this O -module is cofree of finite rank. 

The same statements hold for the cohomology with compact supports. 

Comments: 

1) By standard arguments, the whole theorem follows if we show that: 

H!{S u ,V x (k))[m]=0 forq<d 

where * = c, 0, and for any Hecke-module M, M[m] stands for its m-torsion. 
This is the main result of the text. 

2) In several instances in the proof, it is important that the maximal Hodge 
weights of the cohomology modules involved are distinct for distinct modules, 
and are smaller than p—1; the condition 



p-l>ai + ... + a g + d 

implies this; at the same time, it is also the condition needed to apply 
a comparison theorem of Faltings (Th.5.3 of (21]]). We shall refer to this 
condition throughout the paper by saying that A is p-small. This terminology 
has not the same meaning here than in [57], but is in fact stronger than 



what is called p-smallness there. Hence, under the present assumption, we 
can make use of Theorem D of [57]. In brief, this assumption is unavoidable 



in our approach. The condition p > 5 comes from the theory of modular 
representations of reductive groups and has been pointed out to us by P. 
Polo. It is necessary for the validity of Lemma 13 of Section 7.1, as there is 
a counterexample to this Lemma for p = 5 and G = GSp{4); hence in our 
approach, the minimal possible p is 7 (for g = 2 and a\ = 02 =0). Observe 
anyway that our bound on p depends only on A (not on the level group U). 
This is crucial for the applications we have in view. 

3) The assumption (RLI) is used only in Lemma 13 of Section 7.1, but 
this lemma is crucial for our proof of the Theorem. 

4) Note that for A regular and for g = 2, by calculations of |]S7| ], and results 
of Schwermer and Franke (see Theorem 3.2 (i) of (7^]), one has H q (Su, V X (C)) = 
for any q < 3, while this is not so for the compact support cohomology: 
the boundary long exact sequence for Borel-Serre compactification relates 
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H 2 (Su,V\(C)) to an H 1 of modular curves, which does not vanish. Our 
vanishing statement concerns the localization at m and means that there is no 
mixing of Hodge weights between the m-part of H 2 and that of H^. 

5) For g = 2, E. Urban |74j has found a completely different proof of the 
absence of torsion of H 2 (Su,V\(0) m under mild assumptions (with m non- 
Eisenstein). His proof is much shorter than ours but relies on the fact that 
the complement in Sjj of the Igusa divisor is affine, which is particular to the 
Siegel threefold. Whereas our theorem seems to carry over (with the same 
proof) to various other situations, like the Hilbert (or quaternionic) modular 
case, or unitary groups U(2, 1)/q. 

Evidences: 1) If g = 2 and it is neither CAP nor endoscopic, one can 
conjecture that for p sufficiently general, Im p w contains the derived group 
G(Z p ). Then (RLI) is trivially satisfied; if moreover p is also ordinary, the 
situation is as desired. Such a conjecture is unfortunately presently out of 
reach. 

2) A more tractable situation is the following. See the details in Section 
7.3. Let F be a real quadratic field with Gal(F/Q) = {l,cr}. Let / be a 
holomorphic Hilbert cusp form for GL{2) ip,oi weight (ki,k a ), ki,k a > 2, 
k\ = k a + 2m (m > 1). One can show (||| and |||) the existence of a 
holomorphic theta lift from GL(2)/ F to G = GSp(4)/ Q for /. Let ir be the 
corresponding automorphic representation of G(A). It is cohomological for a 
suitable coefficient system. Since / is not a base change from GL(2)/q, tt is 
cuspidal, neither CAP nor endoscopic. We allow that / is CM of type (2,2); 
that is, is a theta series coming from a CM quadratic extension M = FE of 
F, where E is imaginary quadratic. Moreover, it is stable at oo (see |60|]), p n 
exists and is motivic, namely: p n = IndpPf, and it is absolutely irreducible. 
Moreover, for p sufficiently large (and splitting in E in the (2,2)-CM case), 
the image of the associated Galois representation p n : T — > GLxiV) is equal 
(up to explicit finite index) to the group of points over a finite extension of Z p 
of either the L-group L {Res^GL{2) /F ) = Gal(F/Q) oc (GL(2) x GL(2))° (if 
/ is not CM), or those of L Res^M x = Gal(M/Q) oc (G 2 m x G 2 m )° if / is CM 
of type (2, 2). The subgroup H of G whose image by the spin representation 
is L GL(2)/ F resp. L M X , does contain W' oc T; that is, the assumption (RLI) 
is satisfied for H. If p is ordinary for / and splits in F, p v satisfies (GO); 
assume finally that p satisfies p — 1 > k\ — 1; then, our result applies. See 
Sect. 7. 3 for numerical examples. 
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In Section 8, we obtain a refinement of Theorem 1 as follows 



Theorem 2 Under the assumptions of Theorem 1, 

1) the finite free O-module H'(Su, V\(0)) m coincides with the m-localizations 

of 

• the middle degree interior cohomology Hf(Sjj, V\(0)) = Im(H d — > H d ), 

• the middle degree intersection cohomology IH d (Sjj, V\(0)). 

2) if X is regular, Hf(jjS,V\(K)) m contains only cuspidal eigenclasses, 
whose infinity type are in the discrete series of HC parameter A + p. 

The main tool for the proof of the first assertion is the solution by Pink of 
a conjecture of Harder |)6f ], together with a repeated use of our Theorem 1 for 
GSp{2{g — r)) for all integers r = 1, . . . , g. To apply this argument, we need a 



mod. p version of Kostant's formula, proven in Theorem B of [57] under the 
assumption of p-smallness. This is to apply Pink's theorem in a fashion similar 
to |35| (who worked in characteristic zero). The second assertion follows by 
using a result of Wallach pj . 



We state in Section 9 and 10 several consequences of these results: 

• Control theorem and existence of p-ordinary cuspidal Hida families for 
G, improving upon 173] , 



• Verification of a condition of freeness of a cohomology module occuring 
in the definition of a Taylor- Wiles system. 



1.5. Let us briefly discuss the proof of Theorem 1. Let V\(¥ p ) resp. V\(k) 
be the etale sheaf over X <8> Q associated to the representation V\ / ¥ of G ¥p = 
G (g> W p , of highest weight A, resp. its extension of scalars to k. As mentioned 
in Comment 1) to Theorem 1, it is enough to show that 

(*) Wl = Hi {X ® Q, V\ (k))[m] = 

where * = or c, and for any j < d. 

Let -X/ Z [jyjy] be the moduli scheme classifying g-dimensional p.p.a.v. with 
level U structure over Z[l/iV]. Let X be a given toroidal compactification 
over ZJl/JV] (see Th.6.7 of Chapt.IV @, or Fujiwara @). Let X = X®W p , 
I = I®F P . 
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To the representation V\/ ¥ (with |A + p\ < p — 1), one associates also 
a filtered log-crystal Va over Xq (see Section 5.2 below); the .F-filtration on 
the dual V^, satisfies Fil° = V x and Fil\ x \ +1 = 0. Then, the main tools for 
proving (*) are 

Faltings's Comparison Theorem ( pi] , Th.5.3, see Sect. 6.1). It says that, 
since p — 1 > w, for any j > 0, the linear dual of Hi{X (g> Q p , V\(¥ p )) 
is the image by the usual contravariant Fontaine-Lafaille functor V* of 
the logarithmic de Rham cohomology 

M = Hi g _ dRt ,(X ®W p y x ) = W(V V x ®n^ o (logoo)). 

The mod. p generalized Bernstein-Gelfand-Gelfand dual complex (sec- 
tion 5.4) 

This is the mod. p analogue of a construction carried in Chapter VI 



of [ 13 1 . The main result is that k is a filtered quasi-isomorphism: it 
provides an explicit description of the jumps of the Hodge filtration in 
terms of group-theoretic data. In particular for j < d, w is not a jump. 

• Lemma 13 in Section 7.1 shows, assuming (RLI) and (GO), that if 
Wj ^ 0, its restriction to the inertia group I p admits k (g) fi~ w as sub- 
quotient. 

Thus if Wj / we obtain a contradiction since the maximal weight w 
should not occur in Wj. 

Theorem 2 is equivalent to the fact that the localization at m of the degree 
d boundary cohomology of V\(k) vanishes. The argument for this is similar to 
the previous one, but makes use of the minimal compactification j : Xq =— > Xq 
of Xq = X (g> Q (instead of the toroidal one) . The advantage of this compact- 
ification is that Hecke correspondences extend naturally. We use crucially a 
theorem of R. Pink (Th.4.2.1 of ||56| ) which describes the Galois action on the 
cohomology of each stratum with coefficents in the tale sheaves R q j*V\(k); by 
the spectral sequence of the stratification it is enough to show the vanishing of 
the localization at m of the degree d cohomology of each individual stratum. 
For this, we follow the same lines as for the proof of Theorem 1: the jumps 
of the Hodge filtration in the degree d cohomolology with compact support 
H^{X r ) of the non-open strata X r cannot contain both w and 0; on the other 
hand, if the m-torsion of H^(X r ) is not 0, Lemma 13 does imply that these 
weights both occur. Hence, H^(X r ) m = 0. The last two sections contain two 
applications which were the original motivations for this work. 
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2 Cohomology of Siegel varieties and automorphic 
representations 

We keep the notations of the introduction. Let us make precise what we mean 
by a good open compact subgroup of G(Z): U is good if 

1) it is neat: the subgroup of C x generated by the eigenvalues of elements 
in U ■ Goo H Gq does not contain any root of unity other than 1, and 

2) i/(17) = Z X . 

Let us now recall some properties of the cohomology groups H°(Su, V\(K)), 
for K a field of characteristic zero and * = 0, c or ! (as usual, H' denotes the 
image of H* in 77*). In this section, Q = Lie(G) will denote the real Lie 
algebra. 

2.1 Generalities over C 

Let [Too be the stabilizer in G^ of the map 

h:C* ^Goo, z = x + iy^ ( X ' lg V '" 9 ) 

\-ySg X ■ lg J 

with s g the g x g antidiagonal matrix, with non-zero entries equal to 1. For 
any good compact open subgroup U C G(Z), let 

S V = G(Q)\G(A)/C/C/ 00 and S = G(Q)\G(A)/C/ 00 

be the Siegel varieties of level U, resp. infinite level. Since U has no torsion, 
Su is a smooth quasi-projective algebraic variety of dimension d = 9 ^ 9 ^ . S is 
a pro-variety. For any (rational) irreducible representation V\ of G of highest 
weight A, , we define the local system V\(C) on Su as the locally constant 
sheaf of sections of 

pri : G(Q)\ (G(A) X V x <g> C) /OI^, -> 5c/ 

By Prop. 2. 7 of Q (which does not require cocompactness), one has 

H m (S Ut V X (C)) = H'(g, U^C^GqXGx, C) ® V X (C)). 

The inclusions of spaces 

^cusp(^q\^a 5 C) c C^°(Gq\Ga,C) c C^(Gq\Ga,C) c C°°(Gq\Ga,C) 
(where C™ sp = Cf n and CSS = C°° n L 2 ) give rise to maps 

H' cusp (S,V x (C)) -> 77'(S, Va(C)) - 77 ( - 2) (5,y A (C)) - T7'(S,y A (C)) 
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and a well-known theorem of Borel [|| asserts that their composition is injec- 
tive: 

H' cusp (S,V x (C))^H?(S,V x (Q). 

Moreover, as in the proof of Th.3.2 (or Th.5.2) of ||, one has a G y-equivariant 
decomposition 

H' cusp (S,V x (Q) = ^(fl.^.C p (G q \G A ,C) ® V X (C)) = 

= 071/ ® t/oo, vr^T ® ^a(Q) 

7T 

where 7T — ttj ® tTqo runs over the set of isomorphism classes of cuspidal 
representations and 7r^°° is the Harish-Chandra module of tToq. 

Proposition 1 If X is regular dominant, the interior, L 2 and cuspidal coho- 
mology groups coincide and are concentrated in middle degree: 

H' cusp (s,v x (C)) = Hfa(s,v x (C)) = h;(s,v x (C)) = 

= H?(S,V X (£)). 

Proof: Recall first that H' usp = HZ* implies H' usp = H' 2 ^ = H'(S,V X (C)) 
(see also Cor. to Th. 9 of |(§). 

By Th.4 of Q (which applies here since rkG = rkUoo): 

Hfa(S,V x (C)) = H*( S ,U 0O ,C^ ) (G Q \G li ,C)(SVx(C)) = 

TT f ® H'( S , Uoo,^ ® F A (C)) 

7T 

where 7r runs over the discrete spectrum of L 2 (Z a Gq\G a , u>) where lo is the 
central character of . 

Let 7r — 7T j b6 such an automorphic representation; its local com- 

ponents are unitary. Moreover, one must have H'{g, U^n^ ® V*(C)) ^ . 
By [77] Th.5.6, the assumption that A is regular implies that = A q (X), is 
a cohomological induction from a parabolic subalgebra q which must be that 
of the Borel. In that case, this induction provides the discrete series. So, 7roo 
is one of the 2 9_1 unitary representations of Goo in the discrete series of HC 
parameter A + p. By || Chapt.III, Cor. 5. 2 (iii), the tempered unitary 71-00 's 
contribute only in middle degree; Moreover, since the automorphic representa- 
tion tt = nfir^ occurs in the global discrete spectrum and admits at least one 
local component which is tempered, it must be cuspidal; indeed, a theorem of 
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Wallach ( [pQl , Th.4.3) asserts that if ir^ is tempered, the multiplicity of tt in 
^disc * s ec L ua l to that in Lq. 

Remark: If A is not regular, there may also be non-tempered representations 
TToo which occur as infinity type of tt. However, by Langlands classification 
(§], Sect.4.8, Th.4.11) and Th.6.1 of §, it implies that Hf 2) (S,V\)(ir f ) + 
for some q < d. Franke's spectral sequence (below) seems to suggest then that 
H q (S, V\)(irf) 7^ (we leave this as a question). 

This proposition will be used in the proof of Theorem 2 (in Section 8 below) 
to rule out the occurence of non-cuspidal representations in the localization of 
the middle degree L 2 -cohomology H' 2 ^(Su, V\), at a " non-Eisenstein" maxi- 
mal ideal of the Hecke algebra (that is, satisfying (RLI)). 

2.2 Franke's spectral sequence 

This section is not used in the sequel, but it provides a motivation for Section 
8. By g§ Chap.VII Cor.2.7, we have 

H'{S,V X (C)) = H'(q,U 00 ;C°°(G(Q)\G(A))®V x (C)) 

By 0], one can replace the space of C°°-functions by those of uniformly 
moderate growth. Franke has shown ( p3[ , Th.13, or (7t| 2.2) that one can 
even replace this space by the space A(G) of automorphic forms on G. He 
has moreover defined a filtration on.A(G'), called the Franke filtration (see JT^] 
4.7) whose graded pieces interpret as L 2 -cohomology. This yields an hyperco- 
homology spectral sequence associated to a filtered complex; more precisely: 

Let <E> + , resp. be the positive root system of G, resp. of a standard 
Levi L of G, given by (G, B, T), resp. (L,BPiL, T). The corresponding simple 
roots are denoted by A, resp. A^. For each standard parabolic P = L.U, let 
dp is the Lie algebra of the center of L. Recall then Franke's spectral sequence 
(H Th.19 or (7| Corollaire 4.8) 

E%« = Hf+^S, V\(C)) e P e w£WPM ln4 f f H^ w) (S(L), V(L; w(X + p)) 

H p+q {S : V x {C)) 

where 

• P = L ■ Up runs over the set of proper standard parabolic subgroups, 

• Pf, resp. Gf denotes the group of Ay-points of P, resp. G, 

• for each p, W p (X,p) is a certain subset of W L = {w G W;w~ l (a) > 
0,for alia G $ L }, so that W L = U W p {X,p), 
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• the locally constant sheaf V(L;w ■ (A + p)) on the provariety S(L) is 
attached to the representation of L of highest weight w ■ (A + p) = 
w(X + p) — p (dominant for the order given by (L, B(lL,T)), twisted by 
— w(X+p)\l, that is, by the one-dimensional representation of L attached 
to the (exponential of the) restriction of — w(\ + p) to its (co-)center dp. 

This spectral sequence is G/-equi variant. It allows one to represent any Gf- 

G 

irreducible constituent of H p+q (S, V\(C)) as Indp^nj where irf is an irre- 
ducible admissible representation of Lf such that ir = Kf^iToc is automorphic, 
in the discrete spectrum of L 2 (LqZ a \L a , <f)) with P a rational parabolic in G, 
L its Levi quotient, and 4> some unitary Hecke character. 



Moreover, by Th.19 (ii) of [23], if A is regular, Franke's spectral sequence 
degenerates at Ef' q . So, we have a Hecke-equivariant decomposition for each 
degree q G [0, 2d]: 

H*(S, V X (C)) = IHi(Su, V X (C))(B 

00 IH«-^\S L , V^ +p) _ p (C)(-w(X + p) L )) 
p p=0wew p (\,p) 

However, unlike the GL n -case, the question of the rationality of this split- 
ting for the group G is open (with a possibly negative answer). We nevertheless 
expect that it should yield, after localization at a " non-Eisenstein" maximal 
prime ideal of the Hecke algebra, an equality of the form 

IH«(S U: Vx(C)) m = H«(Su, V x (C)) m 

for A regular. We establish this in Section 8 below for a suitable m, by a Galois- 
theoretic argument which in some sense replaces the lacking Jacquet-Shalika 
theorem. 



2.3 Hodge filtration in characteristic zero 

Recall we assumed that U is good, so that its projection to any Levi quotient 
of G is torsion-free and v(U) = Z x . By the first condition, Sjj is smooth; the 
second condition implies that Sjj admits a geometrically connected canonical 
model over Q. Let X be this canonical model; it is a geometrically connected 
smooth quasi-projective scheme over Q. Let X a toroidal compactification 
of X defined by an admissible polyhedral cone decomposition of Sym 2 X*(T) 
(|] Chapt.3 and ]l3| Chapt.IV, Th. 5.7). Let oo x = X - X be the divisor 
with normal crossing at infinity. Let / : A — > X be the universal principally 
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polarized abelian variety with level U -structure over X (it exists over Q) . Let 
Q be the Siegel parabolic of G, that is, the maximal parabolic associated to 
the longest simple root for (G,B,T); let M its Levi subgroup. For any Bm- 
dominant weight p, let W(/i) resp. W(/i), be the corresponding automorphic 
vector bundle on X, resp. its canonical Mumford extension to X (see Th.4.2, 
Chap. VI). These are coherent sheaves. As observed by Harris fj^| , the coherent 
cohomology H°(X,W(p)) has a natural action of the Hecke algebra. Let A = 
(a g , . . . ,ai;c) as above (recall that for simplicity we assume c = a g + . . . + a\). 
Let H = diag(0, . . . , 0, -1, . . . , -1) G 0. 



2.3.1 Complex Hodge Filtration 

It results from Deligne's mixed Hodge theory that the complex cohomology 
H m (X, Va(C)) carries a mixed Hodge structure with Hodge weights greater 
than, or equal to m + |A| and that the interior cohomology (image of H™ i— > 
H m ) is pure of Hodge weight m + |A|. It is studied in greater details in 
Sect. 6. 5 of |13| . We won't need any information about its TV-filtration, so we 
concentrate on its i^-filtration (Hodge filtration). With the notation of 6.4 of 
[ 13 1 , de Rham comparison theorem reads: 

H m {X(C),V x (C)) = H m (X(C),V%) 

where Va denotes the coherent sheaf associated to the Q-representation re- 
striction to the Siegel parabolic Q of the G-representation of highest weight 
A. The reason for the dual (denoted v ) is the following. The de Rham com- 
parison theorem sends the local system R 1 /^ on R 1 f*Q,' A ^ x ; however, as 



explained on top of page 224 of [13], the construction of coherent sheaves 
from Q-representations associates to the standard representation the dual of 
R 1 f*£l° A / x , while the locally constant sheaf associated to the standard repre- 
sentation is i? 1 /*C 

Let Q, resp. t, be the Lie algebra of G, resp. T. Let 

H = diag(0, . . . , 0, -1, . . . , -1) 6t 

Let W M be the set of Kostant representatives of the quotient Wm\Wg of 
the Weyl groups; for each w £ W , let p(w) = — (w(\ + p) — p) (H); it is a 
non-negative integer. The main result of Sect. 6. 5 (Theorem 5.5 (i), Chapt.VI) 
of |H| gives a Hecke-equivariant description of the graded pieces of the F- 
filtration in terms of coherent cohomology of automorphic vector bundles ex- 
tended to a toroidal compactification X of X, as follows: 

(BGG) gr p F H'(X,V x (C))= H'~ e ^(X, W(w(X + p) - pY) 

wew M ,p(w)=p 
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Because of our comment on de Rham comparison theorem, we see that 
contrary to what is mentioned in R. Taylor's paper (|67j p. 295, 1.14 from 
bottom), the statement of Th.5.5, 1.6 in is correct, because the local 
system denoted V\ in Faltings-Chai is actually dual to the one denoted V\ in 
Taylor's and in the present paper. Our statement, in accordance to Faltings', 
is that the sum runs over the w such that w(X + p){H) + p = p{H). We think 
therefore that Taylor's statement cited above is incorrect (but correct after a 
Tate twist, anyway). 

For any subset B of A = {1, . . . , g}, let (B, B) the corresponding partition 
of A and wb G Wq such that for (t;v) G T, u>#(i;z^) = (t]^,t^;u). An easy 
calculation shows that for any w G Wg, if w = (cj,wb) for some permutation 
a of A and B some subset of A, one has: 

-(w(X + p) - p)(H) = — (wb (A + p) - p)(H) = K + i) 

i&B 

We put js = J2i£B( a i + 0) so 3 A = w is the motivic weight defined in the 
introduction. The je's belong to the closed interval [0, w]. They are indexed 
by a set of cardinality 2 9 , but need not be mutually distinct, from g = 3 
on. Note that for any degree m of the cohomology, the jumps of the Hodge 
filtration occuring in H m always form a subset of { jb B C A} . 

Let 7r = TTf <S> TToo be a cuspidal representation of G(A), with ir^ holomor- 
phic in the discrete series of HC parameter A + p; let 6^ : TL N — > C be the 
character of the (prime-to- N) Hecke algebra, associated to ir and p n = Ker 6^. 
By H Chapt.III Th.3.3 (ii), the (g, ^7oo)-cohomology of TToc®Vx is concentrated 
in degree d. we put 

W n = H d {X,V x {C))[^) 
By cuspidality of n, has a Hodge structure pure of weight w = d + \X\: 

p+q=w 

Let us show that W™'° and W°' w are both non-zero. More precisely, let 
w' G W M be the Kostant representative of largest length, namely d (it is 
unique, and if w" G Wm is the unique element of largest length, then w'w" is 
the unique element of largest length in Wg)- Then, 

Proposition 2 There is a TL N -linear embedding 

n u c ^w,o = H°(X,W w , {x+p) „ p ), c tf°' w = H d (X, W A ) 
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Proof: Let q be the Lie algebra of the Siegel parabolic. Since it is cuspidal, 
a calculation of M. Harris, Prop. 3. 6 of p3J] shows that for any q and p M- 
dominant, ^ <g> H q (q,U 00 ,7r 00 ® W^) embeds W^-linearly into H q (X,W^,). 
Moreover by Theorem 3.2.1 of ||], H q (q,U 00 ,7r 00 (g) W^) does not vanish in 
only two cases: p = A and q = d, or p = w'(\ + p) — p and q = 0. 

Remark: If 7r is stable at infinity, that is, if all the possible infinity types 
tt'oc in the discrete series of HC parameter A + p give rise to automorphic 
cuspidal representations it' = TTf (g) n'^, then all the possible Hodge weights do 
occur in W n : 

For any j B , B C A, A = B B wl*' 1 * ^ 0. 
2.3.2 p-adic Hodge filtration 

We view now 6 n as taking values in a p-adic field K C Q p . Let be the 
prime ideal of H N {K) =H N ®K defined as kernel of 9 n Id K . 
The Hodge-to-de Rham spectral sequence 

(BGG)q E\«= HP +q - e ^(X,W(w(X + p)-p)) 

w£W M ,p(w)=p 

H p+q (X,V x ® ^ /Q (log oox)) 

makes sense over Q and degenerates in E p,q ( Jl3[ Sect. VI. 6, middle of page 
238). Here, Va denotes the flat vector bundle defined over Q associated to the 
rational representation V\ of G. More explanations on the rational structures 
involved, as well as integral versions thereof will be given in Section 4.2. 

Actually, let C be the completion of an algebraic closure of Q p ; by Th. 6.2 
of ]i~3"fl , there is a Hodge- Tate decomposition theorem inducing the splitting of 
(BGG)c', More precisely: 

(BGG) HT HP+o(X, V\(Q P )) 
H p+q ^ w Hx,W(w(X + p)- p)) ® C(p(w)) 

w<=W M ,p(w)=p 

By a theorem of Harris |{|, the Hecke algebra T~i N acts naturally on each 
summand of the LHS of this splitting. Now, the main feature of the above 
splitting is its naturality for algebraic correspondences on X. It implies the 
compatibility of the decomposition (BGG)ht with the action of TL N . Let 
W n>p = W n (g) K ; it is cut by algebraic correspondences of the Hecke algebra 
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H N {K) =H N ®K with coefficients in K. The restriction of {BGG) HT to the 
part killed by p n is still a W^-equivariant decomposition of W^p <8>k C. If we 
assume (Hoi), we see from Prop.l above that the Hodge- Tate weights w and 
do occur; indeed, 

W?£ = H (X,W w ,(x +P )- P )[p«] 

and 

W^ = H°(X,W x )[p 7T ] 

by comparing to complex cohomology, we see from Prop.l that these two 
spaces are non-zero. 

Let us remark that if ir is stable at infinity, the analogue of Prop. 2 for 
all possible infinity types in the discrete series of HC parameter A + p (in 
number 2 9 , but isomorphic two by two) implies that all the possible Hodge- 
Tate weights jg (B C A) do occur in the Hodge- Tate decomposition of W„- iP . 
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3 Galois representations 



3.1 Relation between p n and W^ tP 

The absolute Galois group T acts on W^p. Let us first recall, for later use, 
the following well-known fact. 

Lemma 1 W ntP is pure of weight w. That is, for any i prime to Np, all the 
eigenvalues ofthe geometric Frobenius at I have archimedean absolute value 
I™ I 2 . 

Proof: Since ir is cuspidal, we know by a theorem of Borel (see Sect. 2.1) 
that W n>p is contained in the interior cohomology Hf(X,V\). By Th.1.1 of 
Chap. VI of [13 1 , there is a toroidal compactification Y C Y of the |A|-times 



fiber product Y = A^ x \ of the universal abelian variety A above a toroidal 
compactification of the Siegel variety X C X, all these schemes being flat 
over Z[l/iV]; over this base, Y is smooth and Y — Y is a divisor with normal 
crossings. One can interpret the etale sheaf as cut by algebraic correspon- 
dences in (i? 1 7r,Q p ) 0a! (see @ p. 235, and 238, or this text, Sect. 5. 2), hence 
H^(X, V\) C H™(Y,Q P ) (* = 0,c). By the classical commutative diagram 

H™(Y,Q p ) -^H W (Y,Q P )^ H w (Y,Q p ) 

U U 

H*(X,V X ) — H d (X,V x ) 

We conclude that H?(X,V X ) is pure of weight w; recall that this can be 
interpreted either in the sense of Deligne (take £ unramified and different from 
p, then the eigenvalues of geometric Fr^ have archimedean absolute values 
^ w / 2 ) or in a p-adic sense (in the crystalline case, say: that the eigenvalues of 
the crystalline Frobenius have archimedean absolute values p W//2 ). 

Assume now that ir admits an associated p-adic Galois representation p n : 
T — > GLy(Q p ); we assume that p n is irreducible. We don't know a priori 
whether p n is a Galois constituent of W n , p although, by [|l^] Chapter VII 
Th.6.2, we know that the characteristic polynomial of p^ annihilates the global 
p-adic representation W np . If moreover p does not divide N, we know by 



Faltings [21] Th.5.2 that W niP is crystalline but we don't know this a priori 
for p n . However, for g < 2, if p n is absolutely irreducible, we do know that 
it is a constituent of W w , p (by |37| or |8^[ ). Indeed, for g = 2, Weissauer 
[p2[ ( completing works of [^2|, [^] and [p0|] ) has shown the existence of a 
four-dimensional p-adic Galois representation 

^ : r - GLy(Q ) 
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such that 

L(W^sf = L(p«,s) m 

thus, the assumption of irreducibility for p n implies that the Galois semisim- 
plification W^t; of W n>p is isomorphic to n.p n , for m = 4n. In turn, it also 
implies that p w is pure of weight w and is crystalline at p if p is prime to N. 

There are other situations, namely when ir is a base change of a Hilbert 
modular eigenform, where one knows that p n is crystalline, although one may 
not know that it is a constituent of W v<p \ see Sect. 7. 3 below. One of the uses 
of our assumption (RLI) will be to relate (residually only) W I|P and p n (see 
Sect. 7.1). 



3.2 Spin groups and duality 
3.2.1 description 



For the general definitions on spinors, we follow j3Cj Sect. 20. 2, and [18 1 VIII. 8 
and IX. 2; however by lack of references for our precise need, we give some de- 
tails in this section. Although these groups exist over Z, we'll restrict ourselves 
to Z [1/2], as p = 2 is excluded of our study. Let V = A^?^] endowed with the 

quadratic form q(x) = Yh=i + Xq for x = J2i=i x % e i + ^oeo + Ef=i x i e i'> 
the scalar product is denoted by (x,y). The canonical basis is ordered as 
(e g , ...,e 1 ,e ,e' 1 ,...,e' g ),so that (e,, e'j) = 5 itj , e is unitary, W = {e g , ...,e x ) 
and W = (e' 1; . . . , e' g ) are totally isotropic, and the sum V = W © W © (eo) 
is orthogonal. The Clifford algebra C(V,q) over Z[l/2] is the quotient of the 
tensor algebra by the two-sided ideal generated by x © x — q(x), (x £ V); it 
is Z/2Z-graded: C(V,q) = C + © C~ . The main involutive automorphism II 
is defined as Id on C + and —Id on C~; the main antiinvolution x > x* is 
defined by v% ■ . . . ■ v r t— > (— l) r v r ■ . . . ■ v\. We write N{x) = x ■ x* = x* ■ x 
for the spinor norm. The Z[l/2]-group scheme GSpiriy = GSpiri2 g +i (called 
the regular Clifford group in |1| IX.2) is defined as the group of invertible 
elements g of C(V,q) such that g ■ V ■ g^ 1 = V. The group of orthogonal 
similitudes GOy = GO23+1 is defined as the group of h € GL y such that 
q o h = c(h) ■ q. Consider the group-scheme morphism 

v : G02 g +i — > G m , , h 1— > del h ■ c(h)~ g . 

One has c(h) = is 2 (h). Moreover, the homomorphism of Z[l/2]-group schemes 



ip : G Spin v ^ GO v , g \-> (x \-> 11(g) ■ x - g*) 
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is an isogeny of degree two (using [^] VIII. 8) which satisfies v o ip = N. 
The spin representation spin is a representation of GSpiriy on V = A W\ it 



can be defined via the universal property of the Clifford algebra, as in [|30f| 
Lemmata 20.9 and 20.16. We have dimF = 2 9 . We write G for GSpiriy. It is 
a Chevalley group over Z[l/2]; the standard maximal torus T, resp. Borel B, 
of G is the inverse image by ip of the diagonal torus, resp. upper triangular 
subgroup in GC^g+i- 

3.2.2 Dual root data 

We want to recall first the notion of a (reduced) based root datum 

(M, R,A,M*,R V ,A V ), 

consisting of two free Z-modules M, M* of rank, say, n with a perfect pairing 
M x M* — ► Z and finite subsets i? D A in M, resp. i? v D A v of M*, together 
with a bijection i? — * R v ; R is the set of roots, and A the simple roots; these 
data should satisfy two conditions RD I and RD II: cf |35| 1.9 or rather, for the 
degree of generality that we need, Exp. XXI Sect. 1.1 and 2.1.3; here, "reduced" 
means that in the set of roots R, we allow no multiple of any given root except 
its opposite. 

In order to make some calculations, let us recall briefly the classification 
given by these data. The main reference is |fT^| , whose Exposs are quoted by 
their roman numbering. 

Definition 1 For any scheme 5 ^ 0, a split reductive group with "pinglage" 
over S, is a t-uple (G,B,T,(X a ) a ^j\)s consisting in a connected reductive 
group scheme Gs of rank n, together with a Borel B$ and split maximal torus 
Ts C Bs : T = G^- Let R, resp. A C R, be the root system, resp. set of simple 
roots, attached to (G, B ,T) (Exp. XIX Sect. 3). The "pinglage" (X a ) a& A is the 
datum for each a £ A, of a section X a £ T(S,Q a ) which is a basis of Q a at 
each point s G S. 



For details on "pinglages", see El XXII 1.13 and XXIII 1.1. Any such 



split reductive group defines a reduced based root datum 

(M,R, A,M*,R y A v ) 

Note that the "pinglage" is not needed in the construction, it comes in only 
for the fidelity of the functor. The definition runs as follows put M = X*(T), 
M* = X*(T); the duality (, ) between these modules is the composition 
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(A, //) h A o /i, JJ, resp.A is the set of roots, resp. simple roots attached 
to (G,B,T), and a v is defined for each a £ A as follows: let T Q be the con- 
nected component of Kera, let Z a be its centralizer in G. It is reductive of 
semisimple rank one, hence its derived group Z' a is isomorphic to SL(2) or 
PGL(2), and its character group is generated by a; then, a v : G m — > Z' a n T 
is defined as the unique cocharacter of Z^, such that a o a v = 2. For details, 
see Exp. XX, Th.2.1. As checked in Exp. XXII 1.13, these data satisfy the two 
conditions (DR I) and (DR II) of Exp. XXI 1.1, hence do form a based root 
datum (donnes radicielles pingles). The system thus obtained is reduced. 

Theorem 3 There is an equivalence of categories between reduced based root 
data and split reductive groups with "pinglage" . 



This is the main theorem of [17|, it consists in 4.1 of Exp. XXIII Sect. 4 and 
Th.1.1 of Exp.XXV Sect.l. 

Now, given a reduced based root datum, one can form its dual by exchang- 
ing (M,R,A) and (M*, i? v , A v ). This induces a duality of split reductive 
group schemes with pinglages, over a base S. Let us apply this to our situ- 
ation. We take G = GSp 2g , (G,B,T) /z[1/2] ; M = X*(T) and M* = X*{T), 
naturally paired by the composition. By using the standard basis of X*(T), 
one identifies M to the subgroup of Z 9 x Z, consisting in fi = (fi ss ; fi c ) such 
that |/i| = ji c mod.2. This lattice is endowed with the standard scalar product; 
here Z 9 corresponds to the characters of the semisimple part of T, and the last 
component to the central variable. In this identification, R C Z 9 x {0} and 
one can write a v = 2 • -^jy in the space Q 9 x {0}. The simple roots of G are 
a 9 = tg/tg-i,--- ,ai = t\v~ l , for t = diag{t g , . . . ^tiv' 1 , . . . ,t g v~ l ) G T; 
hence their coordinates in M = Z 9 x Z are (1, — 1, 0, . . . ; 0),...,(0, . . . , 2; 0). 
The corresponding coroots have therefore coordinates a y g = (1, — 1, . . . ; 0),..., 
a\ = (0, . . . , 1; 0). Then, X*(T) is identified to Z 9 x Z + \ ■ diag(L9+ l ). 

The resulting dual of (G, B, T) z m/ 2 ] is precisely (G, B, T) Z [ 1 / 2 ] (it is true 
as well over Z, but we don't need, and don't want to consider characteristic 2 
spin groups). 

Let w be the minuscule weight of G; it belongs to X*(T) = X*(T). It 
satisfies the formulae: (w, a( ) = 5%^ for i = 1, . .. ,g. Hence, in the basis we 
have fixed, its coordinates are (1/2, . . . , 1/2; x). The central parameter x must 
equal 1/2 as well, because the homomorphism ip is etale of degree two, and 
induces the standard representation, whose highest weight is therefore 2zb, but 
whose central character is z z. Now, any character fi G X*(T) is identified 
to a cocharacter of T. Then, 
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Lemma 2 In X*(G m ) = Z, for any fi = (/x ss ;/x c ) G X*(T), one /ias: 

(3.2.2.1) ro o^ = ^- + y 

Note that the right-hand side is an integer. 
Proof: Clear. 

Let us make simple remarks: 

1) Let By be the upper triangular Borel of GLy. Then B is mapped into 
By by the spin representation. 

2) In the identification X*(T) = X*(T), the central cocharacter z : G m — ► 
T becomes the multiplier N : T — > G m of our regular Clifford group G; it is 
clear on the level of tangent maps. Dually, via X*(T) = X*(T), the multiplier 
v : G — > <G m becomes the central cocharacter G m — > T. 

3) If we describe ?bo^ (C) as the set G m x Tb^ of matrices 

diag(z ■ t g , . . . , z ■ h, z, z ■ t^ 1 , . . . , z ■ i" 1 ) 

then, T(C) can be described as the set of t-uples (t g , . . . ,t±, [u, (]) where u 2 = 
t g -...-t\ and £ 2 = z, the couple (u, £) being taken modulo the group generated 
by (—1, —1). The map ■0 : T(C) — > Tgo(C) is then given by U t— > ij, [u, C] ► 
£ 2 . All this follows easily from the fact that V> is dual of the degree two isogeny 
T ss x Zq — > T given by (i ss , z) i-> i ss • z. 

Let us apply these considerations to compute the local Langlands corre- 
spondence for a representation tt p of G(Q P ) in the principal series. Let us 
assume tt p = Ind^j^^cj) (unitary induction). If <p is unramified, it can be 
viewed as (3.2.2.2) <j> = (a g , . . . , a±; 7) € C 9 x C, the parametrization being 
given by: 

diag(t g , ...,h, v ■ ... ,v ■ t- 1 ) 1 ^ |t fl |«» . . . |ti|^|^lf'" afl "- ai)/2 
Even if it is ramified, we can make the following identifications 

(3.2.2.3) Hom(T(Q p ),C x ) = Hom(X, (T) Q p x , C x ) = 

HomfX. (T). HomfQ x , C x )) = X* (T) g) HomfQ x , C x ) = 

Hom(Q x ,C x »r(T)) =Hom(Q p x ,f (C)). 

So that we can view ^ as a cocharacter Q x — > T(C). We introduce a 
twist of this character by d on the central component (7 i-> 7 - d), in order 
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to get rid of the irrationality inherent to Langlands parameters: <f> = (f>- |z/| , 
it corresponds to the cocharacter <j) obtained by twisting <p by the unramified 
cocharacter G m —* Zg,(C),t \— * \t\~ d .ln the unramified case, <f> is given by the 
formula 

(3.2.2.4) t » (|i|«V . . , \t\?, flilf^, \t\^ /2 ]). 

Consider the canonical map a : Wq p — > Q p given by class-field theory 
(sending arithmetic Frobenius to p). The composition o a is denoted c(7r p ) 
and is called the image by Langlands local correspondence of n p . 

Let us return now to our Galois representations. Note first that the ques- 
tion whether p n , if absolutely irreducible, factors through the spin represen- 
tation 

G(Q p ) w GL v (Q p ) 

is open. 

However, for g = 2, if ir is stable at oo and if it satisfies multiplicity one: 
771(71") = 1, then it can be shown that p n takes values in G (see |67j p. 295-296). 
This remark, due to E. Urban (to appear) results from Poincare duality and 
the autoduality of tt (which is well known, at least, at almost all places). 



3.3 Ordinarity 

Let Dp, resp. I p be a decomposition subgroup, resp. inertia subgroup of T. Via 
the identification X*(T) = X*(T), we can view any /_i £ X*(T) as a cocharacter 
of T, hence as a homomorphism I p — ► — > T(Z P ) — > GL Zp (y) where the 
first map is the cyclotomic character % : J p — > . Let p = (g, . . . , 1; d). Thus, 
p is the sum of the fundamental weights of G; it is the highest weight of an 
irreducible representation of G contained in St® d . The assumption of Galois 
ordinarity, denoted (GO) in the sequel, is: 

• The image p 1T {D p ) of the decomposition group is contained in G, 

• There exists g G G(0) such that 

PAD P ) C g-B{0)- g-\ 



the restriction of the conjugate p% to I p , followed by the quotient by the 
unipotent radical g • N • g^ 1 of g • B ■ g^ 1 factors through — (A + p) o x '■ 
I p f (Zp). 
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Example: 

For g = 1, A = (n; n) corresponds to the representation Sym n {St) of 
GL(2), and p = (1; 1) corresponds to St. Then the weights of the (2-dim.) 
spin representation of GSpin% are w = {\',\) and w w ° = (— |; ^); hence the 
composition of x, — 0^+/5) an d the spin representation (modulo unipotent rad- 
ical) gives the diagonal matrix diag{x~^ n+l \ 1) (modulo Weyl group), which 
is the usual formula for an ordinary representation coming from an ordinary 
cusp form of weight k = n + 2: 

PfK = ( I x -*-i ) 

Convention: In the rest of the paper, we make the abuse of notation to write 
B, resp. N, T, instead of their respective conjugates by g: g • B ■ g^ 1 and so 
on. With this convention, we have p n {I p ) C B(k). 

Relative to the triple (G, B, T), we have the notion of dominant characters 
p G X*(T) and Weyl classification of highest weight ©-representations of G, 
provided p — 1 > |p + p| (see Polo-T. f57|| ). Let w be the minuscule weight of 
G. As already calculated, its coordinates are: 

l 2'"'' 2' 2 j 



Lemma 3 For any a E I p> 

(3.3.1) w(pM mod - ^( fc )) = ^~ w (^)- 
and similarly, for the lowest weight w w ° 

(3.3.2) w w °(p w (a) mod. N(k)) = 1. 

Proof: By (GO), the left-hand side is given by w o [—(A + p)] o a;(cr); 
therefore, the desired relation follows from the Lemma above, with p = A + p. 
Indeed, the coordinates of A+p in Z 9 x Z are (a 9 +p, . . . , oi+l; a 9 + . • .+ai+d), 

hence the scalar product (zu, A + p) is equal to J2i + that is, 

y + y i.e. w. Similarly for (3.3.2). 

Comments: 

1) Let us introduce the condition of automorphic ordinarity: 
(AO) For each r = 1, ... ,g, v(9 n (T Ptr )) = a r+ \ -+- . . . + 01, 
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where T p r is the classical Hecke operator associated to the double class of 

diag(l r ,p.l 2 g-2r,p 2 -lr)- 
We conjecture that for any g, if p n is a subquotient of W n>p , then (AO) implies 



(GO). It is well-known for g = 1 (|4j Th. 2.2.2, || and @). 
Consider the statement 

KMg(7Tj,p): is prime to N, the slopes of the crystalline Frobenius on 
the isotypical component D cr3/s (W 7rjP ) are the p-adic valuations of the roots of 
the polynomial 9 7T (P p (X)) , reciprocal of the p-Euler factor of the automorphic 
L -function of it. 

For g = 2, we have seen in 3.1 that W^ p is p,r-isotypical (assuming its 
absolute irreducibility) . We have observed (Proposition 7.1 of |72|) that if 



KM2(7r,p) holds and if ir is stable at infinity, the condition (AO) for ir implies 



(GO). In a recent preprint, E. Urban [75] has proven KM2(7r,p); thus, for 



g = 2, if 7r is stable at oo, (AO) implies (GO). 



2) If TT p is in the principal series (for instance, if ir is unramified at p), and 
if the p-adic representation p n is, say, potentially crystalline at p (for instance, 
crystalline), one can ask in general the following question. 

On one hand, the local component n p of tt at p is unitarily induced from 
(f> for a character eft : T(Q P ) —* C x ; we defined in Sect. 3. 2. 2 the local Galois 
representation fx(7r p ) of the Weil group Wq p given by 

W Qp - Q p x - f (C) c G(C) 

where Q p — > T(C) is given by the twist 4> through the identification (3.2.2.2). 
This representation is rational (the traces belong to some number field). 

Let us consider on the other hand the restriction to D p of p n . By applying 
the (covariant) Fontaine's functor D pcr i s (cf. Fontaine, Expos III Astrisque 
223), we obtain a representation 'p n)P of the Weil group Wq p : 

'Pw, P '■ Wq p —* GLy 

One can conjecture a compatibility at (p,p) between the local and global 
Langlands correspondences, namely that the F-semisimplification of the two 
rational representations 'p n)P and o-(ir p ) are isomorphic (where a : Wq p — > Q* 
is the map induced by class-field theory, sending arithmetic Frobenius to p, 
and the twist is to pass from Langlands parameters to "Hecke" parameters). 
This fact is known in the following cases: 

• for g = 1, by well-known theorems of Scholl and Katz-Messing, 
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• for g = 2, for a representation ir on GSp(4) which is the base change 
from GL{2, F) (F real quadratic) of a Hilbert modular form which is in 
the discrete series at some finite place, and which is unramified at places 
above p (in which case pt p , hence p n ^ p is crystalline at p by Breuil's 
theorem JTl|] ) . This is a particular case of a theorem of T. Saito |nj. 

Note however that this statement does not allow one to recover the rep- 
resentation Pk^p = p-k\d p (because it says nothing about the Hodge filtration) 
unless we assume it is ordinary (in the usual geometric sense) . More precisely, 
we have two parallel observations: 

• Let us assume that p WtP is crystalline; then the assumption of geomet- 
ric ordinarity means that the eigenvalues {^ 1 )Bc{i,...,g} °f the crys- 
talline Frobenius are such that the ord p (^B) (B C {1, . . . ,g}) coincide 
(with multiplicities) with the Hodge- Tate weights; these numbers, if tt 
is stable at infinity, should be (as mentioned at the end of Sect. 2. 3. 2) 
jb = Sies( a +^) (B C A = {1, ...,g}). These quantities can also be 
written 

(w WB ,(X + p)} =w WB o(\ + p) 

where wb € Wq is the element of the Weyl group such that for t = 
(t g , ...,ti,[«,£]) G T and wb(£) = 0, 0% = tjj" if and only if i E B and 
all its other components are those of t. Therefore, it implies by Fontaine- 
Laffaille theory that p n is ordinary at p in the precise sense of (GO). 
Thus the conjunction of geometric ordinarity, and of stability of tt at oo 
(together with the complete determination of Hodge- Tate weights of p n ) 
implies (GO). 

• Let us assume tt is unramified at p; let us introduce complex numbers 
#i's and such that for any t G T(C) mod. H 7 ^, 

faff = 0~ ord ^\ an d \ z \y = (-ord P (z)^ 
we can rewrite (3.2.2.4) as 

4>( P ) = {e~\ ...,e^\ [% • . . . • 9 1 )- 1 / 2 , P d / 2 ■ c 1 ]) 

The composition with spin gives a complex diagonal matrix whose en- 
tries are inverse to the 2 9 algebraic integers 
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The Automorphic Ordinarity Conjecture for the p-adic embedding i p 
states 

ord p (i p (ij)) = ^2(ai + i), for any J. 

ieJ 

Therefore, the quantities Xi = —ord p (i p (6i)) and y = ord p (i p (0) satisfy 
the linear system in (x g , . . . , x\\ y) € X 9+1 : 

V + d + x i — Jlijj x i _ y^ Q . _|_ ^ 

It contains a Cramer system. Therefore, assumption (AO) implies 

ordpOi = —(di + i), ordp(C) = a g + . . . + a\ 

up to permutation of the coordinates. This can be rewritten as an equal- 
ity in Hom(Q^,f(K)/f(0)): 

l p °4> = -(A + p). 

We conclude that (AO) together with KM g (7r,p) implies (part of) the 
compatibility conjecture at (p,p): the (p-adic orders of) the eigenvalues 
counted with multiplicities of D cr i s (p n )(Frob p ) coincide with those of 
a(TT p )(Frobp). 
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4 Crystals and connections 



4.1 de Rham and crystalline cohomology of open varieties 

Let / : X — > S be a smooth proper morphism of schemes; X C X be an open 
immersion above S, with complement a relative Cartier divisor D — > S with 
normal crossings and smooth irreducible components. Let V be a coherent 
sheaf over X endowed with an integrable connection V with logarithmic poles 
along D; let V its restriction to X. Let 1(D) be the sheaf of ideals defining 
D. Then the relative de Rham cohomology sheaves H 3 dR (X/S,V) are defined 
as 

(2.1) WU{V®o-^ /s {logD)) 
Let us now introduce a complex 

Q^ /s (-logD) = VL^ /s {logD) ®o_X(£) 
We define the cohomology sheaves with compact support Tt dR C (X/ S,V) by: 
(2.1) c WMV®o T n'x /s (-logD)) 
If S = Speck, we write H dR instead of TC dR . 

A priori, these definitions depend on the compactification X of X. One 
can show for S = SpecK and V trivial that the resolution of singularities 
implies the independence of the compactification (Theoreme 2.11 of []54| ). 

For the crystalline cohomology there is a similar definition. Our reference 



is [46], section 5,6. We use the language of logarithmic schemes; as noted by 
Kato in Complement 1 of his paper, his results are compatible with Faltings 
theory of crystalline cohomology of open varieties: in Faltings approach, a 
logarithmic structure on X is a family (£j,Xj)i<j< r where Ci is an invertible 
sheaf and xi a global section thereof, these data always define a logarithmic 
scheme in Kato's sense (while the converse is false). Let (5,1,7) a triple 
where S is a scheme, X is a quasi-coherent nilpotent ideal of Os and 7 is a 
divided power structure on X (PD-structure, for short). Let So the closed sub- 
scheme defined by I; we consider a smooth morphism Xq — > S*o and Dq a rel- 
ative Cartier divisor with normal crossings. It defines a logarithmic structure 
M = {g £ OjF g ;g is invertible outside D} C O^ - One defines the logarithmic 
crystalline site of (X / So) l ° r 9 ys as in Kato |4(| Sect. 5. 2. The objects are 5-uples 
(U, T, Mt, i, 6) where U — > Xq is etale, (T, Mt) is a scheme with fine logarith- 
mic structure over S, i : (U, M) — > (T, Mt) is an exact closed immersion over 
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S and 5 is a divided power structure compatible with 7. Morphisms are the 
natural ones. On this site, the structural sheaf Ox /5 * s defined by 

Oz o/8 (U,T,M T ,i,6) =T(T,O t ). 

Definition 2 A crystal on [Xq/ S) l °^ ys is a sheaf V in Oj^ q , s -modules satis- 
fying the following condition: for any morphism g : T' — > T in {Xq/ ' S) l °^ ys , 
g*Vx —> Vt> is an isomorphism. Here Vt and Vt> denote the sheaves on T e t 
and T' et defined by V. 



Let (X,D) be a lifting of (X ,D ) to S. Then, by Th.6.2 of @ (see 
sect. 4. 2 for more details), the data of a crystal on {Xq/ S) l ° r 9 ys is equivalent to 
that of an O^-module A4 endowed with a quasi-nilpotent integrable connec- 
tion with logarithmic singularities 

V : M M ®o_ n^ /s (log D) 

To compute the cohomology sheaves of a crystal, we apply the spectral 
sequence 

Rfcrys,*V = Rfet,*{Ru*V) 

where u is the canonical projection from the site {Xq/ S) l ° 9 ys to Xo et . It is 
defined, for a sheaf V on {Xq/ S) l ° 9 ys , and for any etale morphism U — > Xq, by 

M([/)=r([/,v) 

Moreover, 

Ru*V = M ® 0j r ^ /s (logD). 



Again, by Th.2.11 of ]54j| , one can show, assuming the resolution of singu- 
larities that for S = Z/p"Z, Sq = TLjpTL this definition does not depend on 
the lifting. 

Remark: In our case, one even does not need the resolution of singulari- 
ties. It will be a consequence of the comparison theorem! 

These definitions transfer to the compact support case; it is explained 
in |2l|] p. 58. The cohomology sheaves Rf cr ys,*,cV are computed by a similar 
spectral sequence 

Rfcrys,*,cV — Rfet,*\R , 'U'* } cV) 

where it* )C is defined, for a sheaf V on {Xo/S)° r 9 ys and a etale morphism g : 
U^X ',by 

Kc(V)(£/) = T(U, V ®o u g*T{D )) 
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One has also: 

Rfcrys,*,cV = Rfet,*M ®0- ^Y/S^~ l °9 D ) 

This result can be proven as in the case without support; it will be ex- 
plained in the next section. 

4.2 L-construction 

In the proof of Theorem 2 below, we will apply the crystalline L-construction 
in the logarithmic setting (in the classical crystalline setting, cf. Chapt.6 of 
0|); we want to explain the definitions and results here. 

Let (S, 1, 7) a triple where S is a scheme, I is a quasi-coherent ideal of 0$ 
and 7 is a PD-structure on X. Let So the closed subscheme defined by X; we 
consider a smooth morphism Xq — > £0 and Y$ a relative Cartier divisor with 
normal crossings. Let (X, Y) be a lifting of (Xq,Yq) to S; we suppose that 
there exists an integer m > such that p m O-x = 0. Let Z\, . . . , Z a be the 
irreducible components of Y. Let E be the blowing-up of X x 5 X along the 
subscheme YUfti x 5 Zi). Let Xx$X be the complement in 3 of the strict 
transforms of X x Z{ and Z{ x X, 1 < i < r and let Y be the exceptional divisor 
in XxgX; it is a divisor with normal crossings. The couple (Xx$X,Y) is 
the categorical fiber product of (X,Y) by itself over S, in the category of 
logarithmic schemes (cf. [^] IV, c). Locally, if x\, . . . ,Xd are local coordinates 
of X over S such that Y is defined by the equation x\ . . .x a = 0, then XxgX 
is the relative affine scheme given as spectrum of 

S[Xi®l, l(g)3;j] 1 <j< (i [M= bl ]i<j< a /(Xjig)l.-Uj - l®Xj)l<j< a 

and Y is defined by the equation xi®l . . . x a ®l = (or l®xi . . . l®x a = 0). 

We endow this product with a PD-structure as follows. Let J be the PD- 
envelope of the diagonal immersion X — > ZxjX. In the local coordinates 
above, is the P-D-polynomial algebra < v±, . . . , v a , £ a +i, ■ ■ ■ > £d > where 
Vi = U{ — 1 and & = Xjtgil — 

We denote by J n the n t/l order divided power neighborhood : J n = 
J where I a is the ideal of the diagonal immersion. 

Let A4 be a sheaf of O-^-modules. We recall the interpretation of a con- 
nection on M in terms of an HPD-stratification in our context. For us, the 
notion of an HPD stratification on A4 is defined word for word as in Q Sect. 4. 3 
(which treats the crystalline situation on Xq, without the divisor Yq). It con- 
sists namely in the datum of a ,7-linear isomorphism 
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e : J ® - M -> M ®o T J 

such that e reduces to identity modulo and the natural cocycle condition 
on XxgXx gX holds (Q def.2.10). In the case = JT, we have two canonical 
HPD stratifications. The first is induced by extending by (left) X-linearity the 
map 9 : c®d \— > ((l®d)®(l®c); it makes use of the right module structure of 
T over O^. The second is given similarly by tensoring on the left by Z over 
Ojf the left-hand side of i : c®d i— » ((c®l)®(l®d); it uses the structure of left 
O^-module of X. 

Also, as in j| 4.4, one recalls the notion of PD-differential operator. Let 
M. and M be two 0-^-modules. 

A PD-differential operator Ai — > AA of order < n (resp. HPD-differential 
operator) is a O^-linear map J n <g> A4 — > AA (resp. J" (8) A4 — > AT)- Every PD- 
differential operator 5 : J n ® A4 — > AA induces a classical differential operator 
5 b : Ai — » AA of order n with " cologarithmic zeroes" along Y . 

The importance of these notions for us stems from the following theorem 
whose proof runs exactly as in the "classical" case (Q Theorem 4.12). For 
that, we introduce the notion of a quasi-nilpotent connection in the sense of 
||] 4.10 (but in our log setting, again): 

Definition 3 A connection V on Ai is quasi-nilpotent if for any local section 
s of Ai with local coordinates xi,...,Xd on X such that Y is defined by the 
equation x\ . . .x a = 0, there exists a positive integer k such that Ylo<j<k-i(^( x i9/dxi)— 
j) k ( s ) = forl<i<a and {V(d/dxi)) k (s) = for a + 1 < i < d)7 

Theorem 4 The data of an HPD stratification on Ai is equivalent to the data 
of a logarithmic integrable connection V on Ai wich is quasi-nilpotent. 

Then, Grothendieck's linearization functor L is defined as follows. Let 
7i be the category of C^modules with morphisms given by HPD-differential 
operators and C to the category of crystals over Xq/ S)£P ys . For any sheaf 
Ai of Ojf- modules, we endow the O^-module J <£>e>— Ai. with the HPD- 
stratification €l(M) 

J®J®M^ J®J®M ld ^ J®M®J 

where f:Ai®J^J®Ai interchanges the factors. In other words, the 
HPD-stratification is given by: 

(a®b)®(c®d)®m \— > ((ac®i>)®m®(l®c£) 
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Definition 4 The covariant functor L : 7i —* C zs defined by: 

• For any sheaf M of O^-modules, L{M) is the crystal corresponding to 
the O^-module with HPD-stratification {J ®o— A4, £l(M))- 

• For an HPD- differential operator <p : Ai — > N ( that is, an Oj^-linear 
map if : J ® M. — > AAJ, : L(A^) — ► L(Af) is the morphism of 
crystals corresponding to the O^-linear morphism compatible with HPD- 
stratifications, given by the composition: 

We refer to Q Sect. 2, Sect. 6 for more details. Note that since J is locally 
free, the functor L is exact. 

The correspondence between crystals on {Xq/ 'S) l ° r 9 ys and 0^- module Ai 
endowed with a quasi-nilpotent integrable connection with logarithmic singu- 
larities, is then given by the following rule: Let pr\,pr2 ■ J — > X be the 
two canonical projections. If V is a crystal on (X /S) l ° r 9 ys , let M = V Y be 
the evaluation of V on X. The defining condition of a crystal produces an 
isomorphism: 

e : pr^M ~ pr\M. 

This induces an integrable quasi-nilpotent logarithmic connection on Ai as 
explained above. Conversely, by theorem 4, every logarithmic integrable con- 
nection on Ai wich is quasi-nilpotent induces an HPD stratification on Ai. 
If (U,T,Mx,i,S) is an object of the crystalline site, then by smoothness, 
etale locally on T, the morphism (Xq,Dq) — > (X,D) extend to a morphism 
h : (T,M T ) -► (X,£>). We define V T to be h*M. If we have two such 
hi : (T,M T ) -► (Z,L>) (« = 1,2), then there exist h' : (T, Mr) -> (J,Mj) 
such that /ij = Zi'prj and e induces an isomorphism /i*A4 — h\A\. Thus V is 
well defined. 

It is not hard from the classical case (Theorem 6.12 of [Q]), to deduce the 
following crystalline Poincare lemma. 

Lemma 4 Let V be a crystal on (Xo/S) l ° r 9 ys and Ai the associated O^-module 
with its integrable connection. Then the complex of crystals L(Ai®£lj?{logY)) 
is a resolution ofV. 

Finally, the same argument as in the classical theory (Q Sect. 5. 27) shows 
also the following useful lemma: 
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Lemma 5 Let M. be a sheaf of O^-modules and I(Y) the ideal of definition 
of Y . Then: 

Ru*L(M) = M and Ru %c L(M) = M®1{Y). 
Combining Lemma 1 and 2 above, we deduce: 

Ru*V = M ®o T ^ /s {log D) 

and 

Ru^V ^ M 0o T ^ /s (-logD). 
4.3 The Gauss-Manin connection 

As in section 4.1, X is a smooth S-scheme (not necessarily proper), X an 
5-open scheme of X such that D = X — X is a divisor with normal crossings 
over S. Let / : X — > X be a proper morphism such that X is smooth over 
S, f is smooth over X and D = <Y Xj_D is a relative divisor with normal 
crossings (such / is called semi-stable, see [Q). We have a relative de Rham 
complex with logarithmic poles 

n^ /T (logV/D) = n^ /s (logV)/f*n' Y/s (logD) 

As explained in j|7| (see also (]42||), we have a Gauss-Manin connection with 
logarithmic poles along D, on the locally free O^-module: 

£ = R*f^ /ll {logV/D)) 

The restriction of £ to X is the usual Gauss-Manin sheaf R* f\x*Q*x /x an< ^ ^ 
is the Deligne's canonical extension to X. The Gauss-Manin connection on 
£ is integrable and if Os is killed by a power of p, then this connection is 
quasi- nilpotent (p7f). 
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5 BGG resolutions for crystals 



Let B = T.N resp. Q = M ■ U be the Levi decomposition of the upper trian- 
gular subgroup of G, resp. of the Siegel parabolic, viewed as group schemes 
over Z. We keep the notations of the introduction for the weights of G. Let 
V =< e g , . . . , ei, e*, . . . , e* > be the standard Z-lattice on which G acts; given 
two vectors v,w G V, we write < v,w >= t vJw for their symplectic product. 
Q is the stabilizer of the standard lagrangian lattice W =< e g , . . . ,ei >; we 
have V = W © W*; M = Lj is the stabilizer of the decomposition (W, W*); 
one has M = GL(g) x G m . Let B M = B n M be the standard Borel of 
M. Let <1>, resp. <&m be the set of roots of (G,B), resp. (M,Bm) and let 
$ M = <j>_<j> M . We denote by $ ± , resp. $ M± , the set of positive/negative 
roots in $, resp. ^* M - 



5.1 Weyl modules over Z p 

From this section on, the notations 0, q, (and m but there should not be 
confusion with the maximal ideal of the Hecke algebra) stand for the Lie 
algebras over Z of the corresponding group schemes. The Kostant-Chevalley 
algebra U =U(q) (resp. U(xn)) is the subring of the rational enveloping 

algebra U(Qq) (resp. U(c[q), resp. U(mq)) generated over Z by with 
X G g a , a e $ (resp. a G $ - $ M_ , $Af) , n > an integer. There 
is a natural ring epimorphism U{(\) — > W(tn). A g-stable lattice of a Gq- 



representation which is ^-stable is called 0-admissible (see [12], Sect.VIII.12.7 
and 8) same thing for a m-lattice which is ^(q)-stable. 



5.1.1 Admissible lattices 

In this section, we explain how one can construct Weyl modules over Zq,) by 
plethysms when the highest weight is p-small: |A| < p. This construction is 
used in Appendix II to give a construction by plethysms of the crystals (resp. 
filtered vector bundles) over a toroidal compactification of the Siegel variety 
over Z p , associated to irreducible representations whose highest weights are 
p-small. 



If A is a fundamental weight, then the irreducible representation V\ of G 
has a canonical admissible lattice V{X)z for the Chevalley order g [12] p. 206. 
For another dominant weight A G X + , several admissible lattices exist over 
Z. However, given an prime p, we have shown in |57|], Sect. 1.2, that for 
A = (a g , . . . , a\\ c) such that a g + a 9 _i + g + (g — 1) < p, these lattices all 
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coincide after tensoring by the localization Zq,\ of Z at p. Note that our 
condition |A + p\ < p — 1 implies a g + a g -\ + g + (g — 1) < p. 

For such a weight, let us recall the construction by plethysms of this unique 
admissible Z p dattice V\ )Z . It will be used systematically in the sequel as it 
fits well in the construction of sheaves over the Siegel modular variety. 

Let s = |A|; hence s < p. For any (i,j) with 1 < i < j < n, let (pij : 
Y® s — ¥ V®( s - 2 ) the contraction given by 

v\ <g> . . . <g> v s h-> (vi,Vj)vi (g) . . . <g) Uj <8) . . . <g) . . . <g> v s ; 

Let V S V® 2 be the image of the symplectic form < , >G (V <S> V)* via the 
identifications 

(V ® V)* ^ V* ® V* V <g> V 

the last one being given by V = V*, v >— >< v, — >. 

We consider for any s > 2 the maps : V® s_2 — ► V® s obtained by 
inserting ip at ith and jth components. Observe that V'ij is injective. Let 
Qi,j = tpi,j o faj G £nd(V® s ). Let V <s> be the submodule of V® s defined as 
intersection of the kernels of the #j,i's (note that KerOij = Keripij). 

As we shall see below, for p > 2 ■ g, V^*^ is the image of V® s by an 
idempotent in the Z p -algebra generated by the #i,/s inside Endz (p) {y® s )- 
Finally, by applying the Young symmetrizer c\ = a\ ■ b\ (see [30] 15.3 and 
17.3), whose coefficients are in Z( p ), to V <s> (g) Z( p ), one obtains the sought- 
for lattice V\,z {p) ■ 



Lemma 6 There exists an idempotent e s in the 1*[jj]-subalgebra of 
End z y ij(V® s ) generated by the 9ij 's (1 < i < j < g, such that 



Proof: Let 

Thus, 

Similarly, put 



V <s> = e, • V® s . 



l<i<j<s 

V <s> = Ker$. 

i<j l<i<j<s 
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and 



e = *o<j>= £ 0^. 

l<i<j<s 

Since 

= (xg), 

wc sec that | • 9 is an idempotent. It belongs to the Z[-]-algebra generated 
by the #j,/s. 
Thus, 

V® s = V <s> elm^, x = {x-~- Q(x)) + i • 6(s). 

This decomposition of Z( p )-modules is G-stable. We put e s = Id — | • G. 
This is the desired projector to V <s> . 
To conclude: 

Corollary 1 For any prime p which does not divide 2-g and such that p > s = 
\X\, the module Va,z (p) obtained by Construction 5.1 is the image o/Vf* by an 
idempotent in the 'L^ysubalgebra of Endz (p) (V® s ) generated by permutations 
and the 9ij 's. This algebra commutes to the G-action. 

We apply a similar construction for a Bm -dominant weight fj, of M with 
\fi\ < p. We denote by W^z-. the canonical admissible lattice of W M over Z( p ) 
given by the Young symmetrizer. It can be regarded as a W(q)-module via 
W(q) ->«(m). 

Lemma 7 T/ie subcategory of the category of M -representations, free and of 
finite rank over Z p; consisting of representations of highest weight < p is 
semisimple. 

Proof We have to show that there is no nontrivial extensions in this subcate- 
gory. Let A and \x be two M-dominant weights such that |A| < p and < p. 
A and \i are not in the same orbit for the action of the affine Weyl group 
(j44|,Part 11,6.1). Let W\ and W« be the corresponding canonical admissible 
lattices over Z p , then Ex^^Wx, W^) = by the linkage principle (|44j],Part 
11,6.17, see also ]57]], Sect. 1.4, Proposition). 
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5.1.2 The BGG complex 

We are interested in a variant of the "BGG complex" constructed in || where 
one replaces the Borel subgroup by the parabolic Q. Over the field Q, it is 
defined in [jljj Chapter VI, Prop. 5. 3 as the eigenspace for the infinitesimal 
character x\+p inside the standard bar resolution of Va,q: 

D(A)q := 11: ®KM q (A'(fl/q) ® V XjQ ). 

Following [g], we show in [57| that this BGG complex admits a natural 
Z( p )-structure in terms of integral Verma modules: 

C( A )z (p) = U ®u M W w{x+p y PjZ{p) 
wew M 

and we prove the following result. Let D(A)z (p) := U-l (v) ®w(q) z } (A*(0/C|)<8> 
^A,z (p) ) be the standard Z(p)-complex, a natural Z( p )-version of the standard 
bar resolution over Q of Va q. 

Theorem 5 Let A £ X + anc? let p > \X + p\. Then there is a canonical 
morphism of complexes j : C(A) Z(p) ^ -D(A) Z(p) such that 

• it is injective with 1*( p yflat cokernel, 

• Im(jq) is the BGG complex over Q. 

Remarks: 1) The BGG complex mentioned here is a variant for the 
parabolic Q of the one defined in lemma 9.8 of || in the Borel case. For 



details concerning the differential maps, see Sect. 2 of |57]. 

2) The bound on A needed for proving this theorem is actually looser than 
(J2f=i a i) + d < p: it is enough that a g + a 9 _i + g + (g - 1) < p. 

3) We do not claim that these complexes are exact, as they are not. How- 
ever, as we will see in Sect. 3. 5 after applying the functor L to a sheaf construc- 
tion (Sect. 5. 4 below), we will transform the dual of C(A), into a resolution of 
the sheafification of the dual of Vx,z (j)) • 

5.1.3 Kostant-Chevalley algebra and universal enveloping algebra 

We fix the same notations as in 5.1. In particular, IA is the Kostant-Chevalley 
algebra of Q over Z. U can be identified with the algebra Dist(G) of distribu- 
tions of G (@Part 11,1.12). Recall that 

Dist(G) = |J {Z[G]/M n+1 )* 

n>0 
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where M is the maximal ideal of regular functions vanishing at the unit el- 
ement. Let IA be the universal enveloping algebra of Q. By the universal 
property of U, we have a natural homomorphism 7 : U — > U = Dist(G). 7 
is injective and it is surjective over Z p when restricted to the < p-step of the 
nitrations of U resp. U = Dist(G): 

1 :U <V ^ U <v 

It will imply the following lemma: 

Lemma 8 Let U and U be the Kostant-Chev alley algebra and universal en- 
veloping algebra over Z p respectively and V p , W p be two Q -representations 
over 7h p whose semisimplifications have p-small highest weights (a suficient 
condition on the highest weights is |Aj| < p ), then the canonical map 

Hom„(V p ,U <g># (q) W p ) -► Hom q (V p ,U (g> w(q) W p ) 

induced by 7, is an isomorphism. 

Proof: 

By Poincar-Birkhoff-Witt over Z p , we have 

where u~ is the unipotent radical of the parabolic Lie algebra opposite of q. 
It is enough to show 

Hom q (V p ,U(»~) Zp W p ) = Hom q (V p ,U(u-) <p Zp W p ) 

Recall the decomposition of W p as a direct sum of t-eigenmodules W a is valid 
over Z p by diagonalizability of tori over any base. 

For any H G t, X- G U{vr) (n = (n a ) a e$ M -) an d w £ W^, we have 

H-(XP-®w) = (ji- n « a ) • ® w ) 

QG* M + 

For any q-equivariant (j> :V P ^ U{xx~) ®z p VFp, the image of a highest weight 
vector t> G Vp is of the form 

<K U ) = XI 4 ® ^ with w * G 

i 

Comparing the weights we have relations of the type 

A = m ~ n a° 

by increasing the coordinates of n®, we can assume that fii is the highest 
weight of W p , hence is p-small. Solving a linear system of inequations, we see 
that for any a G <£ M+ , ni^ < p as desired. 
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5.2 p-adic integral automorphic vector bundles 

Let / : A — > X be the universal principally polarized abelian variety over 
X (with a [/-level structure). Recall that R l f*Q.' A i x is endowed with the 
Gauss-Manin connection, which is integrable and quasi-nilpotent (see Section 
4.3). Let X be a toroidal compactification of X over Zp. Let X n — X c^) 
Z/p n Z; let (X(8)Fp/(Z/p n Z))^°f s be the logarithmic crystalline site associated 
to the scheme X ® ¥ p and its divisor at infinity. Note that X ® F p is a 
toroidal compactification of X (g> F p . As recalled in Sect. 4.1 above, there 
is an equivalence of category between crystals on this site and locally free 
-modules endowed with an integrable and "quasi-nilpotent" logarithmic 
connection. Let Rep Zp (G), resp. Rep Zj) (Q), be the category of algebraic 
representations of G, resp. Q, on finitely generated free modules. Consider 
the respective full subcategories Rep z ^ )_1 (G) and Repfj 5 1 (Q) consisting in 
objects whose highest weights are p-small (in fact, whose highest weights /x 
satisfy \/j,\ <p—\). 

For each n > 1, let Vj, resp. be the category of locally free Ox n - 
modules, resp. -modules, endowed with an integrable and "quasi-nilpotent" , 
resp. integrable, "quasi-nilpotent" logarithmic connection, and T n , resp. F n 
that of locally free Ox n -modules, resp. -modules endowed with a titration 
with locally free graded pieces. 

The goal of this section is to define for each n > 1 two functors 

and another 

We first define functors on Rep Zp (G), resp. Rep Zp (Q) with values in 
vector bundles over X n . Then we proceed to show that these vector bundles 
extend to X n provided they come from representations in Repf p 1 {G) resp. 

Repff-^Q). 

5.2.1 "Flat Vector bundles" on X 

Let us define 

y z/p „ z :Rep Zp (G)^Vj 

Let O 2 ^ be the trivial vector bundle of rank 2g on X endowed with the 
canonical symplectic pairing (see section 5.1) and its natural action of G on 
the left. Let us put 
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T = Isom x (0 2 x 9 ,(R 1 f^ A/x ) v ) 

where the isomorphisms are symplectic similitudes. It is an algebraic G-torsor 
over X for the right action 

T xG^T, (<l>,g)~<i>og. 

For any V G Rep Zp (G), we define V as the contracted product 

~ G 

v = r x v 

that is, the quotient of the cartesian product by the relation ((f), g-v) ~ (4>°g, v) . 
It is a vector bundle on X hence over X n for any n > 1. 

Fact: 1) V is equipped with a connection of the desired type. 

2) The image of the standard representation is (R 1 f*Q A / x ) v . 
Proof: 1) Let A = R 1 f*tt A '/ x ; we consider the (dual) Gauss-Manin connec- 
tion: 

V : A -> A ®o x 

It is symplectic in the sense that for two sections /, g of A, we have 

< V/,<? > + < /, Vg >= d < f,g > 
where the symplectic product is extended to 

A <8> A <8> tlx -»■ 

Therefore, given a point of T over an X-scheme Y, we can transport V to 
an element of g <g) $7x C Endo Y {Oy) ®o x defined by the diagram 

A Y ^ A Y ® 

o 2 Y 9 v -i o 2 Y 9 ®n x 

Given (V, pv) G Rep Zp (G), the representation py viewed on the Lie algebra 
enables us to define 

Vv> = {pv ® Ido Y ®o x ) Id n x ° V G End(V) <g> O y ®o x n x 
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It is a connection onV<S> Oy. For Y = T, and (ft the canonical point of T, we 
can descend this connection to the contracted product because 

v^oft = hr 1 o o h 

The resulting Vy is integrable and quasi-nilpotent because it is so for the 
Gauss-Manin connection. 

2) Consider the morphism of X-schemes 

TxQ 2 x 9 ^A, (<f>,v) ^ <l>(v) 

It descends to the contracted product since <j) o g(v) = (ft(g.v). It defines 
therefore a morphism of vector bundles over X: V s t — * -4- This morphism 
is an isomorphism over T and T — > X is faithfully flat, therefore it is an 
isomorphism over X. 

5.2.2 Filtered Vector bundles on X 

The definition of the second functor 

-Fz/p™z : ^ e Pz p (Q) — Fn 

is similar. We endow O 2 ^ with the standard symplectic pairing plus a Hodge 
filtration given by the Siegel parabolic Q. 

T H = Isom H ,x(°Xi {^f^A/xY) 

where the isomorphisms are symplectic similitudes respecting the Hodge ni- 
trations. Th is an algebraic Q-torsor over X. For any W G Rep Zp (Q), let 

W = T H xW 

It is a vector bundle on X hence over X n for any n > 1. It comes equipped 
with a filtration of the desired type. The image of the standard representation 
is (R 1 f*Q.' A i x ) y with its standard filtration. The proof of these two assertions 
is very similar to the one in the previous section. 

Remark: 1) In fact, by the same construction, one can define functors V^[i/_/v] 
and .Fz[i/jv] such that V^/ p n Z = V^i/jv] ® Z/p n Z and similarly for F. 

2) Every M-representation gives rise to a Q-representation by letting the 
unipotent radical act trivially on W. 
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5.2.3 Comparison with the transcendental definitions 

Let T = G(Q)\G(A) x GiQ/UUoo, the left action of G(Q) on G(A) x G(C) 
being diagonal, while the right one of UUoo being only on the G(A)-factor; the 
first projection pr\ : G(A) x G(C) — > G(A) induces a structure of principal 
G(C)-bundle over the analytic Siegel variety Su WT '■ T — > Su- Moreover, let 
Z be the compact dual domain of the Siegel half-space Z. Let c G GSp2 9 {C) 
be the standard Cayley matrix which defines the Cayley transform (3 : Z <-^> Z. 
Consider the twisted multiplication 

H : G(A) x G(C) - G(C), (</, </) ^ </c • 5oo • c' 1 

for 5 = (gf, g^) G G(A); it induces a morphism ~p : T ^ Z. 

Recall the transcendental definition of the automorphic vector bundle asso- 

0(c) 

dated to V € Rep c (Q): one forms the contracted product V = G(C) x F, 
which is a vector bundle over Z; then one forms its pull-back f3*(V) to ^ by 
the Cayley transform (3 : Z ^ Z. One takes the product (3*(V) x Gf/U, and 
one defines the holomorphic vector bundle V — > Su by 

V = G(Q)\(/3*(V) x G f /U) - G(Q)\(Z x G//C/) = 

We refer to V i-> V as the transcendental construction. It is valid for V G 
Rep c ((5) as well. 

The definition of Th is slightly more subtle. We start from the Q(C)- 
bundle Q : G(C) Z. We form its pull-back (3*{Q) -> Z by /3. It still carries 
an equivariant action of G(Q) on the left. We then form 

Th = G(Q)\p*(Q) x Gf/U 
which is a Q(C)-torsor over Su- 

Lemma 9 OverC, the functor V c , resp. F c is canonically isomorphic to the 
one defined by the standard transcendental construction. 

Proof: 1) Case of V^: we prove two statements 

1. There is a canonical isomorphism of G(C)-principal bundles T — > T. 

2. The transcendental construction can be described as 

G(c) 

V = pri t o ji*V = T x V 
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1. Let V s t be the standard representation of G. We recall first that the 
pull-back by Z' = Z x Gf/U — > Su of the vector bundle A endowed with 
the dual Gauss-Manin connection is isomorphic to the vector bundle of the 
local system Z' x V s t endowed with its obvious flat connection. Therefore, the 
pull-back of T is isomorphic to Isom er (Z' x V s t, Z' x V s t) = Z' x G(C), with 
action of G(Q) diagonally on the left. Hence, by quotienting by G(Q), we 
obtain a canonical isomorphism T = T . 

2. Let V £ Rep c (G). In this situation, only the C°°-structure of V matters 
(indeed, only the structure of the underlying locally constant sheaf). On one 
hand, it is well-known that V is the vector bundle, associated to the ^-covering 

G(Q)\(Z' x V) -» Su. On the other hand, the pull-back by G(C) x2'^T 

~ G(C) 

of T x F identifies to Z' x 1/; it is endowed with a free action of G(Q) 
(diagonally on the left), and of U on the right. The resulting quotient is 
again the vector bundle associated to the F-covering G(Q)\(Z' x V) — > Su as 
desired. 

2. Case of F c : From the definition of Tjj, it is clear that for any V £ 
Hep c (Q), 

Q(C) 

V = T H x 1/. 

Moreover, there is a canonical isomorphism Th = Th of holomorphic Q(C)- 
bundles. Indeed, the pull-back by Z' — ► S 1 ^ of 

hence, by quotienting, the desired isomorphism. 

5.2.4 Zp-Integral extension to X for p-small weights 

We have the diagram 

(5-2.1) i | \ | 

On one hand, for any Q-representation W, we have constructed a vector 
bundle W over X Zp ; on the other hand, M. Harris (||35[|) has defined a functor 
from Q-representations defined over Q to vector bundles over Xq coinciding 
with ours on We first glue the vector bundles Wq p with Wz p into a 

vector bundle W Zp over the cofibered product X Zp = X<q p Ux Qp X Zp . 
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Then, we observe that X Zp = X% p — D ¥p is an open subset with complement 
of codimension 2 in X Zp . Therefore, by |3l]] Cor. 5. 11. 4, the direct image of 
is a coherent sheaf on X Zp . Let us see it is locally free, at least if V 
has p-small highest weight. By dvissage, it is enough to consider irreducible 
M-representations with such p-small highest weight. By Appendix II, it is 
enough to consider the standard representation. In that case, the coherent 
sheaf on X% p is Lie(Q /X) w , which is locally free. This concludes the proof. 

In particular, for any dominant weight A, we have attached to the repre- 
sentation V\ of G of highest weight A a vector bundle Oy -module Va n on X n 
together with a connection with logarithmic poles along D n , hence a logarith- 
mic crystal Va n ° n 

(X/(Z/p n Z)f°l. Moreover, it carries a natural filtration 
since V\ is also a (^-representation. 

5.2.5 Differential operators over Z( p ) 

Let V and W be two rational representations of Q, and V/q, W/q the corre- 
sponding automorphic vector bundles over Xq (see previous subsection) and 
V/q, W/q their canonical extension to the toroidal compactification X. Ac- 
cording to Proposition 5.1 of [|L| VI. 5, we have a functorial homomorphism 

* : Hom u{sq) (U(g q ) ® w(qQ ) V, U(q q ) ® u(qq) W) -» Diff. Operators (Wj Q , Vj Q ). 

Actually, in Proposition 5.1 of Chapt.VI, the construction of is explained 
over C. The Q-rationality statement is explained in Remark 5.2 following the 
Proof of Proposition 5.1 of Sect. VI. 5. We now prove a variant thereof over 
Z(p). 

We treat first the case of degree differential operators by refering to 5.2.2: 

Lemma 10 Let V , W be two Q -representations ofp-small highest weights (in 
fact, | Ay | and \ Xw\ < p is enough), V p and W p their canonical U -stable lattices 
and V n , W n the corresponding automorphic vector bundles over X n , n > 0. 
There is a functorial injective homomorphism 

Hom q (V p ,W p ) -> Homo- (W^V^) 
compatible with the transcendental construction. 

Then, the case of general differential operators can be treated as follows 
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Lemma 11 Let V , W be two irreducible Q -representations of p-small highest 
weights, V p and W p their canonical U-stable lattices and V n , W ra the corre- 
sponding automorphic vector bundles over X n , n > 0. Then $ induces for 
each n > 0, a homomorphism 

Hom u (U V P M ® M(fl) W p ) -> P.D.Diff.Operators(W^, V^) 

Proof: We start with operators of order one. Note that the de Rham 
differential d : — ► is the image by ^ of the obvious map 5 : U ®u{q) 



0z p /c|Zp - ► U ®u(<\) ^>p (compare with [13| VI, remark 5.2). By Lemma 10, 
this implies that each homomorphism (f> : V p — ► U <8>w(q) W p of degree one is 
mapped by to a Z p -integral differential operator of order one. Indeed any 
4> as above factors as <f> = 5 (g> Idw p ° {I dfi <S> tp) for a ip £ Hom q (V p ,Q/c\® W p ) . 

Recall that IA denotes the universal enveloping algebra of Q. We have seen 
in Lemma 8 that by p-smallness of the highest weights, the natural algebra 
homomorphism 7 : U — > U induces a bijection between Hom g (V p ,U <£>u(<\) W p ) 
and Hom g (V p ,V( <8W q ) W p ). Now, as a corollary of PBW over % p for U, we 
see that every element eft £ Hom g (V p ,U ®u(n) ^p) °^ degree m > 1 factors as 
4> = 5 (g) Idwp V' where ^ has degree m — 1: fix a basis (X a ) ae $M- of u~; for 

v £ Vp and (j){v) = J2i 2L~ ® Wi, put = Z)j X a e$ A/ - ^™ - la <8> X a <g> 
where 1 Q is the family (<5a :/ 8) • The conclusion follows by induction on 

m. 

5.3 The Hodge filtration on automorphic sheaves 
5.3.1 The geometric aspect 

This paragraph is a recollection of well-known facts about the Hodge filtration 
in the automorphic setting (see (j0| Sect. 5). 

Let 5 = R c / R G m and ho : <S(R) — > G(R) the homomorphism defined by 

z = x + u,eC x ^ ^ ^ J =x/ 2 , + yJ 29 GG(M) 

The £r(R)-orbit Z of /io is analytically isomorphic to a double copy of the 
Siegel upper half-plane of genus g. The pair (G, Z) defines a family of Shimura 
varieties "a la Deligne", isomorphic to our Shimura varieties Sjj for various 
level structures U. If V is a real representation of G and h £ X, then the 
composition h : S(R) — > G(R) — > GL(V) defines a real Hodge structure hy 
on V (p^]). Let be the filtration on Vc = ® C deduced from fay. 
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For V = Q the adjoint representation, F®(q c ) is a Lie algebra of a parabolic 
subgroup P(h) of Gc- The mapping h — ► identifie Z as an open subset of 
its compact dual Z = G(C)/Q(C). Now, for general V, the mapping /i — > 
define a G(C)-equivariant filtration (the Hodge filtration) on the constant 
fibre bundle Z x Vc- Dividing by G(Q) and U, we get a filtration on the 
coherent sheaf V over Sjj, associated to the representation V. Moreover, if 
V is the canonical extension of V to some toroidal compactification of Sjj, 
then this filtration has a canonical extension to V (cf. 5.2.4). In the case 
where V is the standard representation of G, then, as explained above, V = 
(l°9 °°A/Jc) an d the Hodge filtration on the dual is the classical one 

given by 



(5.3.1) F 2 (V V ) = C FHV V ) = Un\^(logoc A/w ) C F°(V V ) = V V 

Then, for a represention V\ associated to a dominant weight A of G, we can 
use Weyl's invariant theory as in Appendix II, to describe the Hodge filtration 
onV A . 

More precisely, we use the fact that each V A is a direct summand of some 
higher direct image of the logarithmic de Rham complex over a toroidal com- 
pactification of the s-fold product of the universal abelian variety [13]p.234. 

Recall that for a complex K°, the notation K*- 1 denotes the subcomplex 
of K* equal to K* in degre > i and zero elsewhere. 

If f s : Y — » X is such a toroidal compactification, then the coherent sheaf 

•F R f s * i~x 
is endowed with the Hodge filtration 

Fil*T = R'J s ^jL 

Then, for a dominant weight A such that |A| = s we endow the sheaf Va 
by the filtration : 

FitfVx = Vl n Fit? 

In particular, if the highest weights of the representation V are p-small and 
as in Sect. 5. 2, this filtration is algebraic and has a model over Z p . Finally, we 
note that this filtration is compatible with tensor product, duality, etc. 

Let n be the Oj^ -module obtained by reduction mod p n of the module 
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Definition 5 The Hodge filtration on the de Rham complex 

vl n ®o_ n n£ n/z/pn (iogoo) 

is defined by: 

i 

5.3.2 The group-theoretic aspect 

Let H = diag(0, . . . , 0, -1, . . . , -1) G LieT C (with # 0's and g -l's). For 
any rational Q-representation V, for any i £ Z, let V 1 be the sum of the 
generalized ii-eigenspaces with eigenvalues > i. This defines a decreasing 
filtration {V 1 } on V. Two cases are of particular interest for us: 

• V is an irreducible M-representation with highest weight ^; the filtration 
is given by V^ H ^ +1 = C V^ H ^ = V. For instance, the standard 
representation Vq of M is filtered by = Vq C Vq = Vq while its twisted 
contragredient Vi = V V (g> v is filtered by = Vi° C Vf 1 = V.. 

• V = V\ is an irreducible representation of G associated to the dominant 
weight A. Then the filtration given by H can also be defined by plethysms 
from the 2-step filtration of the standard representation V s t- F^ 1 = V s t, 
F° = Vq is its unique simple Q-sub module (in fact, an M-module), and 
F 1 = 0. 

Fact: In the construction V i— > V of the coherent sheaf attached to a Q- 
representation, the ii-filtration defined above gives rise to a decreasing filtra- 
tion on V. When V is a G-representation, it coincides with the Hodge filtration 
given by F ho . 

Proof: Consider the dual filtration 

(5.3.2.1) Fit V v = W ■ V O x ;<f(Fil j V) C Fil i+j O x } 

where the unit object Ox is endowed with the trivial filtration: Fil°Ox = Ox 
and FiPOx = for any j > 0; When V is the complex standard representation 
V s t <8> C of Gc, the dual of the ii-filtration coincides with the Hodge filtration 
(given by F^) on V v , indeed, the dual of the ii-filtration reads: 

(5.3.2.2) Fil°V v = {<p; <p(Fil x V) = 0} = V v , 
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i^/iyv = {p; ip(Fil°V) = 0} = V x v , andFiZ 2 V v = 0. 
This is the Hodge filtration (5.3.1). 

We can still define the infiltration as above for a Q-representation V 
defined over Z p instead of C; the V l, s are Z p -summands in V. 

In particular, we endow the standard bar resolution of V\,z p (say, for |A + 
p\<p-l) 

D(X) := (U Zp ® uiMhp (A*(fl/q) V{\) Zp )) 

with the ff-filtration. 
Let 

be the BGG complex introduced in Sect. 5. 1.2 attached to V\i v - the in- 
filtration is given by 

^C(A)z P U ® w(q) ^ (A+p) _ PiZp 

«)6VK M ,w(A+ / 3)(_ff)-p(_ff)>j 

Then the injection j : C(A) Zp <— > D(A) Zp is a filtered direct factor of _D(A) Zp 
by|. 

Let us define the dual BGG complexes IC X n and /C A n . Their graded pieces 
are the coherent sheaves over X n : 

Kn = W V 



«)(A+p)— p,n 



resp. 



^A.n — KV to(A+p)-p,n 

tueiy M ,Z(iu)=i 

and the differentials are deduced by lemma 11 (sect. 5.2.5) from the BGG 
complex of Sect. 5. 1.2. By dualizing the ii-filtration, we obtain a natural 
decreasing filtration on /C A n , stable by the differentials, given by 

-F*^A,n = Ww(\+p)-p,n 

weW M ,w(X+p)(H)+i<p(H) 



Recall that by the Theorem of []57|], the map j has a retraction of filtered 
complexes, hence the dual j has a natural section; its sheafification defines 
an injection of complexes of coherent -modules: 
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K : = Ww(A+p)-p,n ^ Va,„ 0O Xn fi^ n/z/p „(log Oo) 

w€W M 

wew M 

We summarize the considerations of this section in the proposition 

Proposition 3 The morphism k of complexes of vector bundles over X n (n > 
1) is filtered. 

5.4 BGG resolution 

We denote by T) n the logarithmic divided power envelope of the diagonal im- 
mersion X n — > X n x z / p nX n where X n x z / p nX n is the fiber product in the 
category of logarithmic schemes. Let p\ and p2 be the two canonical projec- 
tions V n — > X n . Finally, for any i^-dominant weight /x of M, such that 
\fj,\ < p, let L(W Mira ) be the logarithmic crystal on (X /Z/p n )j,°f s corresponding 
to p*W//,n (Sect. 4.2 for L and 5.2. for W^, n ). For simplicity, in the sequel, 
we drop the index n in the notations of the sheaves, thus we write W M for 
W M!n . Note that we can not consider the situation over Z p because we need a 
nilpotent base for our crystalline arguments. 

Proposition 4 Let X be a B-dominant weight of G, such that |A + p\ < p; 

(i) There is a resolution in the category of logarithmic crystals on 
(X /(Z/p»Z))S»,; 

- v)[ - L(Z5) - - . . . 

where 

= Ww(\+p)-p- 
weW M ,l(w)=i 

(ii) There is a canonical filtered quasi-isomorphism of complexes of loga- 
rithmic crystals 

L(^)^L(V> %n ^ /z/p „(logoo)) 
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Proof: We transpose the proof given in [13], VI, Sect. 5 for the complex 
case in a Z p -setting. 

By Lemma 11, each Z{p) -morphism of order 1: 

U ®«( q ) Wi -> U <g) W(q) W 2 



induces a logarithmic differential operator of order 1, W 2 — ► for the 
corresponding locally free Oj^ -module; therefore, it induces a morphism of 

crystals L(W 2 ) ^O^i)- We deduce from theorem 5 (section 5.1.2), that 
there is a complex of crystals 

0-^ _►£(£<[) 
On the other hand, we know that 

0-V^L(Vr^^ /z/pn (logoo)) 

is a resolution of V\. Indeed, the exactness of the complex is the crystalline 
Poincare's lemma (actually, its logarithmic version: bottom of p. 221 of 
see our section 4.2, lemma 4 above). 



By Theorem D of |57| (Theorem 5 of section 5.1.2 here), /C A is a subcomplex 
of Vx f8>o— (log 00). Therefore, /C A is a resolution of V A . This proves 

statement (i) of the theorem. The second assertion follows from the fact that 
H commutes with Zg. As explained in Section 5.1.2 above. 

Theorem 6 The natural morphisms 



and 



£'x SUb - V V X ®o^ n ^ n/z/pn (-logoo) 
are filtered quasi-isomorphisms of complexes of coherent sheaves on X r 



Proof: One applies Ru* resp. i?ti*, c to both members of the quasi- 
isomorphism (ii) of Prop. 4; then one makes use of the fact that Ru*L(V) = V 
for any -module V and the properties of the L-construction recalled in 
Section 4.2. 
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6 Modulo p crystalline representations 



6.1 Etale sheaves associated to crystals 

Let k be a perfect field of char, p > 0, W = W(k) the ring of Witt vectors with 
coefficients in k and K the fraction field of W . K ac is a fixed algebraic closure 
of K and Gk = Gal(K ac / K) is the associated Galois group. Let Repz p (GK) 

be the category of Gif-modules of finite type over Z p and MF^' P 2 ^ that of 
finitely generated W-modules M endowed with a filtration {Fil r M) r such that 
FiFM is a direct factor, Fil°M = M and Fil p ~ l = together with semi-linear 
maps tp r : FiFM — > M such that the restriction of ip r to Fil r+l M is equal to 
p<fi r +i and satisfying the strong divisibility condition : M = J2iez { Pr{FH r M). 



Recall that by the theory of Fontaine-Laffaille [22], we have a fully faithful 
functor 

V cvis : MF$ P ~ 2] — > Rep Zp (G K ) 
A p-adic representation is called crystalline if it is in the essential image 

of y cris . 

In our setting, we are interested in the subcategory MFj®' p 2 ' of filtered 

modules M such that pM = 0. MF^' P 2 ^ is an abelian category and the 
objects are in particular /c-vector spaces. The restriction of the functor V^ r i S 
to MF [ ^ P ~ 2] can be describe as follows: Let S = OK ac /pOK ac , choose j3 £ K ac 
such that j3 p = —p and for i < p, define a filtration Fil % S = j3 l S and Frobenius 



ip l (P l x) = x p , then as explained in [78], Prop. 2. 3. 1.2', we have an isomorphism 



V CTis (M) ~ #om MF[0 ,p-2](M,S)* 



k 



Moreover, V cr i S (M) is a finite dimension F p -vector space and dim ]Fp V r cr i S (M) = 
dimfcM. Recall that V^ r j s is the nice inverse of a not so nice contravariant 



Dieudonne functor D*: see f§ p. 219-223. 

Let X be a smooth and proper scheme over W of relative dimension d 
and D a relative divisor with normal crossings of X, we put X = X — D. 
Faltings introduced in [^IJ relative versions of the categories mentioned above: 
the category 1Zepz p (X <g> K) of etales Z p -sheaves over the generic fiber X <8> K 
and the category M.T (X) of filtered transversal logarithmic crystals over X. 
Moreover, we have a notion of "associated" between objects of 1Zepz p (X ® K) 
and those of Ai J-^ 7 (X). To get a good theory over Z p , we need to consider only 
the full subcategory MF^ 7 ' [0 > p ~ 2] (X) of (X) of filtered crystals T such 

that Fil^T = T and Fil v ~ x T = and we have to add some other technical 
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hypothesis (cf Sect. 4.2). Faltings |2lJ (see also |T3| ) has defined a relative 
Fontaine functor 

V* : MF v > [0 > p - 2] (X) — > Uep Zp {X ® if) 

In section 4.2 below, we will recall its definition in the special case where X 
is actually of characteristic p. 

Definition 6 For any T G MT V ^ V ~^(X), we say that T and V*(.F) are 
associated. 

We have the following theorem of Faltings (|2l|Th.5.3) : 

Theorem 7 Assume that there is a positive integer a such that a + d < p — 2 
and Fil a T = where T 6 .MJ^ 7 '' 0,7 ' -2 ' (X) ffcen, for i = 0, . . . ,2(p - 2), we 
have a natural and functorial isomorphism of Gk -modules: 

Hi t (x ® ir c , v*(^)) = y; ris (^ g _ cris (x,^)) 

6.2 The mod p case 

As we use only the mod p version of the previous comparison theorem, we only 
recall the notion of associated sheaves and the comparison theorem in their 
mod.p version, following |2lJ and |73[| . 

6.2.1 Filtered modules 

Let A; be a perfect field of char, p > 0, W = W(k) the ring of Witt vectors 
with coefficients in k and K the fraction field of W. K ac is a fixed algebraic 
closure of K and Gk = Gal(K ac /K) is the associated Galois group. 

Let I be a smooth and proper scheme over W of relative dimension d 
and D a relative divisor with normal crossings of X , we put X = X — D. 
Let Xo = X ®\y k be the special fiber of X and Dq the induced divisor. If 
Fx '■ Ojco ~ * ®x~o * s ^ ne absolute Frobenius, we denote by 

the O-^ -linear homomorphism induced by F~x • 

Definition 7 We define the category AiJ-^'^' p 2 \Xq) of strongly divisible 
filtered logarithmic modules over Xq with Hodge- Tate weights between and 
p — 2 as follows : an object is a quadruple (T, J 71 , ipy, Vjr) where 
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• T is a quasi- coherent O^^-module. 

• T l , i = 0, . . . , p — 1, is a decreasing filtration of J 7 by quasi- coherent Oj^ o - 
modules such that J 70 = T and T v ~ x = 0. 

• : T l — > J- is a (p^^-linear homomorphism such that the restriction of (p l -p 
to is zero and such that the induced map 

is an isomorphism (condition of strong divisibility). 

• Vjf : T — > T ®o— (IoqDo) is a quasi-nilpotent integrable connection 

x o -*o 

satisfying 

1) Griffiths transversality : V ' A'P) C J 7 ^ 1 ®o- (logD ) for i = 
0,...,p-l. 

2) Compatibility with Frobenius : Vjr o <p\p = ipj? (g) o V ^J 771 . 

Where - is 6y definition, the reduction mod p of — /or some lifting 
(wich exist locally) <pj^ Q over W of ¥?x - 

• T is uniform : etale locally, there is a log-immersion Xq — > Z suc/i i/iai 

(.F,^) ~ e AeA (O^DP, j|~p A] ) twf/i e A > 0, |A| < oo 

— DP — — 

where Z is the log-divided power envelope of the immersion Xq — > Z , J-^dp 
the coresponding PD-ideal. 

A morphism of MJ r J' l °' p ~ 2] (X ) is an Oj£ -linear homomorphism compat- 
ible with filtrations and commuting with Frobenius and connections. 

By [21],Th.2.1, each T % is locally free and locally (for the Zariski topology) 
a direct factor of T. Moreover, any morphism of MJ-^^°' P 2 \Xq) is strict 

with respect the filtrations. We deduce from this that AiJ-^'^' p 2 \Xq) is an 
abelian category. 



6.2.2 The functor V* 

To a filtered module T as above, we associate an etale sheaf V(.F) over X<S> K 
as follows: 

Let U = Spec(R) be an affine open irreducible subset of X, U = U Xj X, 
Uq = U (8>w k and assume that R is flat, of finite type over W and that 
R/pR ^ 0. Let R be the p-adic completion of R and R be the union of all 
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normalizations of R in finite sub-Galois extensions of an algebraic closure of 
the field of fractions of R such that the normalization of in such finite 

extension is unramified outside D (cf. |2l]],II,i)). On Uq = Spec(R/pR), we 
have a canonical log-structure wich is the inverse image of that of U. Let Z 
be the PD-envelope of the log-immersion Uq — » Uq x Uq, locally, for the etale 
topology, Oy is a PD-polynomial algebra over O-^ . 

Uq 

Let (J 7 , T\ ipjr, Vjr) be an object of MF^'^ ' P 2 \Xq). As a crystal, we can 

evaluate T on Uq and obtain an O— -module T— endowed with a descending 

Uo Uo 

filtration Tl^ . 

Lei J be the PD-ideal of the log-immersion U — > Z, we have naturally 
an object (C^, J- , </?^, V^) of MF^^°' P ~ 2 ^ (Xq) and where ip^ is by definition, 
the reduction mod p of (p^/p 1 f° r some lifting (wich exist locally) </?~ over 
of ipg. On the complex 

deduced from the integrable connection V^, we have a filtration whose 
degree g-part is given by 

and where 

Pv a ®<v °*) r = E ^ ® 4 1 

Moreover, a refined crystalline Poincare lemma tells us that the natural 
morphism 

is a Gal(i?/i?)-equivariant resolution of the O— -module Fhi ■ 

Uo Uo 

Put Ty = ®o - Or, it is a filtered O ^-module as noted above. We 

z Uo Uq ^ z 

define the Frobenius ip r -p_ : — > J 7 ^, (r < p), as the unique additive map 
whose restriction to the image of T % (g> jj~ is (8) ^ for all i, j such that 
i+J = r - Finally, we define the Gal(-R/i?)-equivariant morphism of complexes: 

<p r : Fil T (T~ z ®o_ n^ Q/k (logoo)) -» JFg ®o_ O^^oo) 
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as induced from the morphisms: 



Now we are ready to define the Frobenius 

by using the resolution of Tl^ given above. 

Uo 

For i < p, we define the Gal(i?/i?)-module i) as the kernel of 

1 - tp* : F°(C7 0; Jl- ) -> H°(U Q ,^ ) 

C/o 

Let £7 = R/pR, choose (3 £ iT ac such that /3 P = — p and for i < p, define a 
filtration Fil l E = and Frobenius f l ((3 l x) = x p , then as explained in |73|] 
proof of prop. 4.3.4 or [^lJ,II,f), we have an isomorphism 

Vc/(^,i)* ~ iTom Mir v 1 [o, P -2] (Xo) (J r [i],-E) 

Where is the twisted module defined by = T % +i and V 3 ™ = ¥^f~' 7 • 
Moreover, using this description, we deduce that Vj/(.F, i) is finite of order 
p fc ( plj| ,Th.2.4) where /i = |A| and A is the index set in the definition of a 
uniform filtered module. 

By [ 21 1 , II, g) or [^](4.4), if we regard Vu^, i) as a finite locally etale 



constant sheaf on U ®w K, we can glue the local data \u{!F,i), for various 
"small" U (cf. |7J|] 3.3.2). There is a unique finite locally constant sheaf 
Vj^i) on X <S>w K such that the restriction to "small" U is Vj/(J", i). 
Finally, we define the covariant comparison functor V by V(.F) = Vx(J, p — 
2) (2 — p), and its contravariant version V* by V*(.F) = V(.F)* . 



6.3 Association modulo p for Siegel varieties 

Let us come back to the case of Siegel varieties. Let Xijjxim be the moduli 
scheme classifying p. p. a. v. with level [/-structure over Z[1/JV]. Its toroidal 
compactification over Z[l/iV] is denoted by X (for some choice of a smooth 
GL(Z 9 )-admissible polyhedral cone decomposition of the convex cone of all 
positive semi-definite symetric bilinear forms on M. 9 ). We have Sjj = X®z\i/n] 
C. Recall that, to the representation V\ / ¥ of G ¥p = G® F p of highest weight 
A, one can associate an etale sheaf V\(¥ p ) resp. V\(k) over X ® Q resp. its 
extension of scalars to k. One possible construction of this etale sheaf is by 
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the theory of the fundamental group: any representation of the arithmetic 
fundamental group iri(X (g) Q,x) on a finite abelian group V gives rise to 
an etale sheaf whose fiber at "x is V\ /-g . Let us consider the structural map 
/ : A — > X <g> Q given by the universal principally polarized abelian surface 
with level structure of type U (we assume here U sufficiently deep). The sheaf 
i? 1 /*Z/pZ is etale. It corresponds to an antirepresentation of the fundamental 
group taking values in G(Z/pZ). Then, composing with the representation 
Gw p — > GL(V\/ ¥ ), we obtain an etale sheaf denoted by V\(¥ p ). Similarly for 
V\(k), by considering the extension of scalars from F p to k: Gk — > GLk(V\(k)). 

For any dominant weight A of G, we have thus obtained a V\(W P ) of 
TZepw p (X (g) if). On the other hand, if moreover |A + p\ < p — 1, the crys- 
tal constructed in Section 5.2 satisfies the conditions of Definition 7 which 
turn it into an object of A4J r ^'^ ' p ~ 2 \X). To verify this, one starts with the 
standard representation. On 

the Gauss-Manin connection satisfies Griffiths transversality for the Hodge fil- 
tration, compatibility to Frobenius and uniformity. The tricky point is to ver- 
ify the strong divisibility condition (section 6.2, definition 7). It follows from 
the degeneracy of the Hodge spectral sequence which is proven in |2l[| ,Th.6.2. 
For general A, we use that that V\ is a sub-object (and quotient) of a first 
direct image for some Kuga-Sato variety and the fact that M.F^ ^°' P ~ 2 \X) is 
a an abelian category. Note that the objects Va (without dualizing) do not 
belong to this category, as their weights don't fit the bound. 



Theorem 8 ( frL3$Th.6.2(ui)) 

that is, V\(W p ) and are associated. 

The proof is given in [|l^]Th.6.2(iii). In fact, there, the result is proven 
only in the Q p -coefficients case, but for |A + p\ < p — 1 the proof is valid word 
for word in the integral context. The key argument is the existence of the 
minimal compactification whose boundary has relative codimension > 2. The 
next section gives more details about this. 

6.4 The Comparison Theorem 



We will explain the relative comparison theorem Th.6.2 of Faltings [21| in our 



particular setting. In fact we merely extend the arguments sketched in 13] 
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p. 241. Before going into our situation, we recall the method of |2^] (we hope 
that more details will be given by the experts in the future). 



6.4.1 General setting 

For any p-adic ring R (smooth integral over Z p ), we denote by R its p-adic 
completion, by Rq = R ®i v its reduction mod.p; let F be the field of 

fractions of R; choose an algebraic closure F of F and form R, union of of all 
the normalizations of R in finite sub-Galois extensions of F. Put S = R/pR. 

Let / : Y — * Spec(R) be a smooth and proper morphism of schemes of 
relative dimension d < p — 1, Yq = Y (g) z TLjpL the special fiber, Y = Y ®r R, 

Y v =_Y ® R F, Fo =J ®n S and f : Y -> Spec(R ), J : F -> Spec(S), 
f v :Y v ^ Spec(F), f :Yo^ Spec(S) the corresponding morphisms. We 
have the following standard diagram : 

Y 3 4 F £ Fo 
I/77 I / l/o 

Spec(F) Spec(fl) «-^> Spec(S) 

Let i?^(5(l)) = i Rj ^(S '(1)) be the "relative complex of p-adic vanish- 
ing cycles" for the constant sheaf 5(1) = Z/pZ(l) ® 5. This object is not 



explicitely introduced in [21|, but as explained in |43|], we can rewrite the 
complex computing etale cohomology as a complex of vanishing cycles. Then 
we have a "Kummer" map : 

R*(S(l))^Q^ o/Specisy 

Taking direct images, we obtain natural maps : 



R*fo*(W Yo/Spec{Ro) )® R S - R*fa*(Vy o/Spec{S) ) - R*fa*,et(m * R*f^et( s ) 

R*7o*,et( R ^) ~ R %*,et( S ) *- R*7r,*,et(%/pZ(l)) ®rS 

Faltings (^T|, page 72, see also recent corrections of the corresponding 
proof in informal notes by the author) shows that the second arrow is an 
" almost-isomorphism" ; wich implies that the sheaves R* fo*(^Y /s pe c(R )) an d 
R* fri*,et(S(^)) are associated. 
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6.4.2 Setting for Siegel varieties 



The notations are those of section 6.3. Let U = Spec(R) C X be an affine open 
subset and / : Yy — ► U be the restriction of/ s : Y = Ax x ■ ■ .Xjfi — > X , where 
A is the universal abelian variety, we assume s < p — 1. Let X be the formal 
completion of X along the special fiber. Let / : Yjj — > U be the base change of 
/ to the affine formal scheme U = Spf(R). Over Spec(R (8> Q P ), we have two 
tales sheaves i? s /*Z/pZ(l) and V*(i? s / Jt (0^ (g)F )). As explained in the 
general setting subsection, there is a functorial isomorphism of tales sheaves: 

R s UZ/ P Z(i) ~ v*(R s Un Yump/m¥p )) 

over U. By functoriality, these local isomorphisms glue to a global one over 
X. 

Let X* be the minimal compactification of X over Z p . It is defined in 



[ 13 1 Th.2.5 Chapter V. It is projective, normal of finite type; its bound- 
ary admits a natural stratification whose strata have codimension at least 
2 (since we assume g > 2). We apply Grothendieck's GAGA theorem to 
deduce that the isomorphism over X between the sheaves -R s /^,Z/pZ(l) and 
,/U®f p )) * s algebraic. More precisely, every tale covering of the 
formal scheme X is defined by an tale finite O -^--algebra A. Since the minimal 
compactification is normal and has boundary of codimension > 2, this algebra 
extends to X* ( |3l|| , Cor 5.11.4) and so define an algebraic tale covering of X 
whose base change to X is A, we deduce an equivalence of topoi X et ~ X et . 
As the morphism / is proper and smooth, the sheaf -R s J*Z/pZ(l) on X is 
locally constant and so descend to X and gives the sheaf i? s /*Z/pZ(l). By 
construction, the sheaf V* (R s f*(^Y u ^ ¥p /u^ ¥p )) is also locally constant and 
also descend to X and gives the sheaf ^*(R s f*(^Y u ^>¥ p /u^>¥ p ))- 

Moreover, as X e t — X e t, every formal morphism between i? s /*Z/pZ(l) 
and V* (R s f*(^Yu^w p /u®w )) ^ s algebraic. This shows that i? s /*Z/pZ(l) is 
associated to R s f*(^Ym P /xm P ^ ^ or ^ e asociation without divisor at infinity 
and R s f*Z/»Z(l) is associated to R s f\(fLl 7 ^ (loqoo)) for the associa- 
tion with divisor at infinity. 
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7 Proof of Theorem 1 



7.1 A lemma on modular representations 

Our reference for results used in this Section are \12\ VIII. 13. 2 and [44|, II. 3. 



Let T be the standard maximal torus in G. One has 

T = {(ti, . . . , t g , u; x); u 2 = t\ . . . t g } 
The degree 2 covering G — ► G02 g +\ induces on T the projection 
(ti,...,t g ,u;x) h-> diag(h, . . . ,t g ,xt~ l , . . . ,xt^ ,x) 

We view the Weyl group Wq as a subgroup of G/ z by using permutation 
matrices in a standard way. Let W be the subgroup of Wg consisting in the 
permutations wb (B C [l,g]) acting by t WB = t' where t = (t±, . . . , t g , u; x) 
and t' = (t[, . . . , t' g ,u'; x) with t\ = tj if i € B, = ti if i $ B, and u' = u-tg 1 
where t B = UieB^- 

Let B = T.N be the Levi decomposition of the standard Borel subgroup 
B. Recall we assumed GO(w) for ~p n . We can assume that p n (D p ) C B(k). 
Throughout this section, we assume that 

(RLI) : there exists a split (non necessarily connected) reductive Chevalley 
subgroup H of G/ z with W' oc T C H, and a subfield k' C k, of order say 
\k'\ = q' = pf (/' > 1), so that H(k') v C Imp T and p w (I P ) C H°(k'). Where 
H(k') u is the subgroup of H(k') consisting in elements whose v belongs to 
Im v o p n . 

Comment: It has been pointed to us by R. Pink that if H is connected 
and W oc T C H, then H should contain the derived group of G; then, (RLI) 
becomes in some sense an assumption of genericity for ir and p, but it cannot 
be verified in a single example for g > 2, hence our insistance on the possible 
disconnectedness of H: it allows us to show the existence of concrete examples 
for the theorem. 

Let H° be the neutral component of H over Z. Its semisimple rank is 
g. Recall that in the condition of Galois ordinarity (GO), we introduced an 
element g S G so that 

p w (D p ) C g ■ B(0) ■ g- 1 

Recall the convention (in vigor since Sect. 3. 3) that we omit the conjugation 
by <?, thus writing B, N, T instead of g ■ B ■ g~ l and so on. 

The subdata (H°,f,Bn H°) in (G,f,B) induce an inclusion of the set 
of roots of H° into that of G: <3?^ C <1> ± . Let $' = $ n Vect q (^ H o) and 
A' a system of basis made of positive simple roots for By |[^] VI, n° 1.7, 
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Prop. 24, it can be completed into a basis A of $ contained in <I> + . Note that 
<£^o is a subsystem of maximal rank in Let A H o be the basis of <£^o 
contained in <I>^ . A priori, it could be different from A' (not in the examples 
we have in view though). Let Wi be the fundamental weights in X of G. Let 

Qjjo = {A G X; (A, /3 V ) = Ofor/3 G $ H o} 

where a v denotes the coroot corresponding to a root j3. We write w = w g 
for the minuscule weight of G; it is the highest weight of the spin representation 
V /¥p of G. 

Observe that <£^ = Z • za Let X' be the Z-module generated by A'. It is 
equal to Xwi © . . . © w g C X, and one has 

X = X' © $^0 

The irreducible representations of H° over k' (or over any perfect extension 
of F p ) are classified by X' + x 3>^o- We shall consider certain (absolutely) 
irreducible representations over k' of the abstract group H°(k'). 

Let e = T^rjjjzzT) • ^ ecan that by the formula vo p^ = x~w • uj n , the kernel 
iV of the homomorphism 

X Hom(f(k') u ,k' x ) 

contains 

- 1) • X' © e ■ Z • 1/ 
A fortiori, we can assume equality holds: 

Im p n = k' x w , hence, N = (q' - 1) ■ X' © e • Z • z/. 

It results easily from Steinberg's theorem (see Chapter II, Prop. 3. 15 and 
Coroll.3.17 of [^4|) that the irreducible representations of the abstract group 
H®{k') u are classified by 

X Htq , = {(v,a) G X'+ x [0,e- 1];0 < (v,/3 v > < g'-lfor all/3 G A H o} 

For brevity, we call such weights (/'-reduced, although the terminology is 
not conformal to that of Jantzen's book Chapter II, Section 3. 

For fi G Xjj >q r, we write W(pi) for the corresponding ^-representation 
and U H o((i) C X for its set of weights, resp. U H o(fi) C Hom(T(k'), k' x ) 
the set of their restrictions to T(k') v . Let Hg(ztr) resp. Hq(w) the set of 
weights (resp. of the functions on T(fc') that they induce) associated to the 
spin representation V/^/ of G. 

Recall that ILg(w) = {w w ';w' G W'} and that we assumed W cx f C H. 
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Lemma 12 For p > 5, ifW(fi) is a simple H®, -module with highest weight 
H G Xii q i with w = ~p and H H o(fj,) C ILq(zu), then fj, = w. 

Remark: For p = 5, G = Spin(5) and H C G, isomorphic to SL{2) x 
SL(2) via G = Sp(4), /x = 3w2, the lemma is false, hence the necessity of the 
assumption p > 5. 

Proof: Since ~fi = w, one has fi — w G (<?' — 1)X. 

1) Let us first check that /t-ro G iVn = e • <J>^ - 

Let a G A^o. We want (fj, — w,a y ) = 0. We start with a preliminary 
observation: 

For any simple root a G A#o, (w, a v ) G {—1, 0, 1}. Indeed, this is true for 
any fundamental weight w of G. In particular for our minuscule weight w. 
Then, we distinguish three cases 

• If (ro,a v ) = 1, we have (//, a v ) = 1 because /x is g'-reduced. 

• If (ti7,a v ) = 0; let us exclude the possibility (fi,a v ) = q' — 1. Since 
(/ — 1 > 1 we would have /i — a G $#0 (//) as the a-string of (i has length 
q' — 1. Hence by the assumption, we could write /U — q = w y + (q' — 1)X 
for some y G W and A G X. 

But a v ) G { — 1, 0, 1}, and (// — q, a v ) = g' — 3 hence q' — 1 should 
divide 1, 2 or 3 impossible since — 1 > 3. 

• Similarly, if (w,a v ) = —1, we must exclude (fj,,a v ) = q' — 2. Again 
/x — a G II^o(/u), hence [i — a = w v mod.{q' — 1)X. But (ro y ,a v ) G 
{ — 1, 0, 1} and (/j 1 — a,a v ) = —3 mod (q' — 1), hence (q' — 1) should divide 
2, 3 or 4; impossible since q' — 1 > 4. 

2) Thus, /i — G = e • Z • z/ as desired (actually it shows that 
(ro,a v ) > for any a G A#o). Since the components of w and \x along v are 
between and e — 1, and fx — w (mod. e) we conclude fj, = zu. The lemma is 
proven. 

It is the main ingredient in the proof of the following result. 

Lemma 13 Let a : T — > GLfc(VF) 6e a continuous Galois representation such 
that for any g G T, the characteristic polynomial of p n (g) annihilates a(g). 
Assume that p — 1 > max(4, ja), that ~p w satisfies GO(w) and (RLI), 

then, either W = 0, or the two characters 1 and a;~ w restricted to I p occur 
as subquotients ofW viewed as an I p -module. 
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Comment: One could naturally ask whether the simpler assumptions that 
is absolutely irreducible and for any g £ T the characteristic polynomial of 
~p n (g) annihilates u(g) are sufficient to conclude that all constitutents of a are 
copies of TV This statement is true for g = 1, but, it is false for g = 2. A 
counterexample has been found by J. -P. Serre. He lets T act on F^ through 
the so-called cuspidal representation of the non-split central extension 2^5 of 
the icosaedral group A§. It is four-dimensional, symplectic and absolutely 
irreducible. Then, (W, a) is one of the two irreducible 2-dimensional of this 
group. This is why we introduced (RLI). This assumption is not satisfied 
in the example there. Also, thanks to the ordinarity assumption (GO), we 
focused our attention on the highest weight of J> n (which is a local information 
at p) rather than the global representation ~p w itself. 

Proof: Assume If /0; let V be the inverse image by J> n of H{k') in V 
and T" the kernel of TV restricted to T' . Then cr(T") is a nilpotent p- group. 
Thus, replacing W by its submodule fixed by cr(T"), still denoted by W, one 
can assume that W is a non-zero module on which T' acts through H(k') u : 

V -» GL k (W) 

I TV / 
H(k') 

We first treat the case of u~ w . Let H° be the neutral component of H. 
Let W = Ind^^lw. It is an H°(k')-module, and for any t G f{k') u , the 

action of t on W is annihilated by IIweVF'l^ — ' ujW {t))- By Steinberg theorem 
(|l4| Sect II. 3. 15), the space W viewed as if°(£/)-module has a subquotient 
W(fi) which comes from an algebraic simple -fT^-module corresponding to a q'- 
reduced highest weight /i. We associate to this representation the sets resp. 
as above. By the assumption W' C H, one can assume that U H o(n) C 

Hq(w) and zu = ~p, (if /J = vj for some w' S W , simply replace W(ji) 
by W(fi w ' ) which also occurs as ff^-subquotient of W). By the previous 
lemma, for p > 5, we have w = fj,. Let x be a highest weight vector in W(fi) 
for H$ . It is fixed by HnN(k). Since I p C p^ 1 (H°(k)), the action of I p on 
x is through its image by w g o (p n mod.N). By the assumption (GO), and 
Lemma 3, this character is equal to u~ w on I p which therefore occurs as a 
subquotient of W|/ p . To treat the case of the trivial character, we consider 
instead of the highest weight /x by the lowest weight // of W(n); we can 
assume that ft = w" where wq is the longest element of Wq. Let N H o be 
the unipotent radical of a Borel of H° adapted to (GO). On the lowest weight 
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quotient W(/i)/N H o ■ W(fi), p n acts by w w ° o (p n mod.N), which is trivial by 
(3.3.2). QED 

7.2 Deducing Theorem 1 from Theorem 6 

Recall we have fixed A = (a g , . . . , a±; c) with c = a g + . . .+a\ and |A+p| < p— 1. 
We have the following reduction steps: 

1) By Poincare duality, and self-duality of the Hecke operators for I prime to 
N, Statement (i) of Theorem 1 is equivalent to the vanishing of 

Hi(Su,V X (k)) m =0 forq<d 

where * = c, 0. These modules are artinian over Tt m , so by Nakayama's lemma, 
it is enough to show that their m-torsion vanishes: 

(7.2.1) Hi(Su,V\(k))[m]=0 for* = ®orc&ndq<d 
which we will prove below. 

2) Then, Statements (ii) and (Hi) are easy consequences of (i) as can be seen 
by induction on q < d using the long exact sequences 

- V X {0) -> V x (0) -> V x (0/wO) -> 

and 

- V x {w- x O/0) -» V x (K/0) -» F A (if/0) -» 

For instance, from the latter, one obtains, with obvious notations: if 
Hr 1 {K/0) m = 0, then Hi{w- l O/0) m -» F9(K/0) m [CT] is an isomorphism; 
hence by Nayamama's lemma, assertion one implies that Hi(K/0) m vanishes 
for q < d. 

Note that since p > ja > a g . . . > at > 0, one knows that Vxw v is absolutely 



irreducible (see for instance Proposition II. 3. 15, p. 222, of 44]). 

3) As in section 6.3, -X/ Z n /jy] is the moduli scheme classifying p.p.a.v. with 
level structure over Z[l/A]. Its toroidal compactification over Z[1/AT] is 
denoted by X. Let V\(¥ p ) resp. V x (k) be the etale sheaf over X ® Q in F p - 
resp. /c-vector space corresponding to V\ ¥p . Using the etale-Betti comparison 
isomorphism (and its equivariance for algebraic correspondences), Theorem 
1 will be proven if we show the vanishing of the etale cohomology groups 
corresponding to (7.2.1). 

This interpretation as tale cohomology allows us to view Hi(Su,V\(W p )) 
as a ¥ p [Gal(^/Q)] x 7^-module: 

Hl(X, V\(F P )) - HiJX Q, V\(Fp)). 
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Remark: The F p -coefficients are useful to apply Fontaine-Laffaille and 
Faltings theory, while the /^-coefficients will come in when we localize at the 
maximal ideal m of TLk{0). 

Let V\ be the object of MT V ' [0 ' P ~ 2] (X) associated to A as in Section 5.2. 
Recall that V A has a filtration of length |A|; since d + |A| < p — 1 and since 
V\ and V\(¥ p ) y are associated (Theorem 8 above, section 6.3), we can apply 
Th.5.3 of (see theorem 7, section 6.1), so that for any j > : H 3 et ^{X ® 

Q P , V\(^ P )) V is the image by the Fontaine functor V* of H j cris ^Su g> k, V%). 
Note that since we work mod.p instead of mod.p™, we have 

K g -crysAX ® k, V A V ) = Hi og _ dR) «(X ® F p , V A V ) 

We have constructed in Section 5.3.2 a filtered complex of coherent sheaves 
K* x on X®¥ p by functoriality from the BGG resolution of the G Fj) -module V\ w . 
It follows from Theorem 6 that there are isomorphisms of filtered F p -vector 
spaces: 

K 9 - dR ( x ® ^ Va V ) = H*(X®F p Xx) 

and 

Hl g ^ dR>c (X s F p , Va) = H*(X S F p ,^ A SMfe ) 

where /C* resp. /C* snfe denotes the canonical, resp. subcanonical Mumford 
extension of the filtered complex of sheaves /C* . The resulting filtration on the 
right-hand side is called the F-filtration; it corresponds via these isomorphisms 
to the Hodge filtration on the left-hand side. The weights of this filtration can 
be computed as in |67j (who treats the case g = 2): Let us consider the map 

W G -> Z, w >-> p(w) = -(w(X + p){H) - p(H)) 

where H = diag(0, . . . , 0, —1, . . . , —1). Let Wm be the Weyl group of the Levi 
subgroup M of the Siegel parabolic. Observe that this map factors through 
the quotient Wm\Wg\ this quotient is in bijection with the set W M (cf.p.229 
of |i~3]| ). By Theorem 6, sect. 5.4, we have 

9r P Hl g _ dR ^ = W-^(X ¥ P M { x +p) - P ) 

w£W M ,p(w)=p,£(w)<j—p 

Note that, unfortunatly, p is not a good notation for the degre of our Hodge 
filtration. The image p(Wq) of p is therefore the set of possible weights occur- 
ing in H 3 crys ^ for j < d. Moreover, p is injective on Wm\Wq, and its values 
are exactly the jb (B C A). The set of possible lengthes £(w), w G W M is 
[0,d]. For each j < d, let us consider the set W M (j) = {w G W M ;£(w) < j}; 
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the key observation is that for j < d, W M (j) does not contain the unique ele- 
ment w G W M such that £(w) = d, namely the one acting by (a g , . . . ,a\\ c) i— ► 
(—o s , . . . , — »i; c). But this element is the unique one for which p(w) takes 
on its maximal value: ja- Hence, this maximal weight does not occur in 
Hi og - dR AX®¥ p ,Vl)iorj<d. 

On the other hand, under assumptions (Gal) and (GO), p n is ordinary 
with weights given by jb for all subsets B C A; in particular ja and indeed 
occur with multiplicity one; actually, even if we replaced (GO) by geometric 
ordinarity, it would result from lemma 3, Sect. 3. 3, that and Ja do occur 
in p v ). Now, consider the global Galois representation a 3 on Wj = Hi(X ® 
Q, V x {k))[m], the kernel of m in the module Hi{X ® Q, V x (k)). The Eichler- 
Shimura relations imply for any g G GaZ(Q/Q), the characteristic polynomial 
of p n (g) annihilates a J (g). Our lemma 13 sect. 7.1, shows, assuming (RLI), 
that this implies that Wj admits ~p w as subquotient. This is a contradiction 
since the maximal weight ja occurs in ~p n but not in Wj. 



7.3 Examples 

Let Fbea real quadratic field with Galois group {1, erf. Let Tp = Gal(Q/.F). 
Let / be a holomorphic Hilbert cusp form for GL(2)/ F of weight (ki,k a ), 
k\,k a > 2, k\ = k a + 2m for an integer m > 1. Assume it is a new form of 
conductor n which is eigen for Hecke operators T v (v prime to u); denote by 
a v the corresponding eigenvalues. Since the weight of / is not parallel, / does 
not come from Q. Let f a be the inner conjugate of / by a. Let e be the finite 
order part of its central character. We assume that e factors through the norm 



map. Starting from [35], a series of works have established that / admits a 
holomorphic theta lift tt to G(A) where G = GSp{&) (see |5{J and Since 
/ does not come from Q, it is cuspidal; moreover, by Th.6.2 of [7^| , / admits 
also a globally generic lift, hence ir is stable at every place. It occurs in the 
H 3 of a Siegel variety of some level, say N, with coefficient system of highest 
weight A = (a, 6; c) where a = k a + m — 3, b = m — 1, and c = a + 6. At the 
moment, the level N of 7r can only be said to be multiple of N(n)Dp where 
Dp is the discriminant of F; this should be the exact level of tt, but this can 
not yet be established in general. 

Let Q(/) = Qftit,],, be the number field generated by the eigenvalues of /; 
one can take Q(/) as field of definition of tt (although this may not be the 
smallest possible one, as pointed out by Prof. Yoshida). For any prime p/ of 
Q(/) prime to n, the p/-adic Galois representation associated to tt exists; it 
is given by 

(7.3.1) p n = Ind^pf 
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it is absolutely irreducible. The conductor of p n is Norm(n) ■ Dp; this results 
from the fact that n is also the (prime-to-p part of the) conductor of pf by 
Carayol's theorem. 



Indeed, n is motivic: by Theorem 2.5.1 of [10|, for any imaginary quadratic 
field F' , there exists a motive Mf^pr defined over F ■ F', of rank 2 over some 
extension Q(/, F') of -F'-Q(/); the motives Mf t pi are "associated to /": they 
give rise to a compatible system of A-adic representations of Tp, which is 
associated to /. Its Hodge- Tate weights are and k± — 1 above I dpi, and m 
and m + k a — 1 above a <8> Idpi. 

Remark: In fact there should exist Mf defined over Q, of rank 2 over Q(/), 
associated to / in the above sense. 

Then we consider for each imaginary quadratic F' 

(7.3.2) M %> f> = Resp'f'M^p, 

M^^pi is defined over F' , of rank 4 over Q(/, F'); it is pure of weight w = k\ — 1 
and the four Hodge- Tate weights < m < m+k a — 1 < k\ — ldo occur. These 
motives define a compatible system of degree 4 A-adic representations of T, 
associated to tt. 

Remark: Similarly, there should exist defined over Q, of rank 4 over 
with those Hodge-Tate weights, associated to it. 



In the CM case, we restrict our attention to the situation where / is a 
theta series coming from a biquadratic extension M = EF/F, E imaginary 
quadratic. Let Gal(£/Q) = {l,r}, Gal(F/Q) = {l,a} and Gal(M/Q) = 
{1, a, t, ar}. We write / = 9{4>) where ^ is a Hecke character of infinity type 
n\ + n <jO + n ar OT + n T T G N[Gal(EF/Q)], such that 

(*) n\ + n T = n a + n ar and n\> n a > n ar > n T 

and of conductor f prime to p in M. In that case, one has a = n a — n T — 2, 
b = m — n a — 1 and c = ri\ + n T — 3; indeed, since n T = (c — a — b)/2, we 
see that the condition n T = is equivalent to c = a + 6, in which case one has 
n\ = w, n a = k a — 1 + m, n aT = m (and n T = 0). We assume in fact in the 
sequel a condition slightly stronger than (*), namely: 

(**) ( j ) ( 1 + T )i 1 - c ') = i anc i m > n a > n aT > n T 

Under these assumptions, we say that / is of (2, 2)-CM type. 

Remark: If (*) is satisfied for a character (j), then (**) is satisfied for <f> . 
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Let I = If be the ring generated by the normalized eigenvalues a® = 
{v}~ ma ■ a v (v prime to n) of / in Q(/). The a^'s are eigenvalues for the 
divided Hecke operators T (y) = {v}~ m ' a ■ T v as introduced by Hida in the 
beginning of Sect. 3 of |38|]. By Th.4.11 of |3S(| , these eigenvalues are still 
integral. Let t p : I <—* K C Q p! a p-adic embedding, and pj the prime of 
I associated to t p . We assume hereafter that p splits in F: p ■ Of = q • q°", 

q - q"- 

Recall that by a Theorem of Wiles (Th.2.2.2 of |^]) and a Proposition of 
Hida (Prop.2.3 of ||]), if 

ordp(i p (a®)) = resp. or d p (L p (a®a) ) = 

(that is, ord p (tp(a q )) = resp. ord p {i p {a q <y)) = m), then, the decomposition 
group D q C at q preserving i p is sent by Pf lPf , resp. /5/ CT , P/ to a Borel sub- 
group of GL(2); moreover, /0/, P/ resp. /0/ CT , P/ restricted to the inertia subgroup 
I q has a 1-dimensional unramified quotient. 

We put k' = I/pf. Let J be the subring generated by the (a v ,a v <?) in 
Q(/) x Q(/)- For p prime to the index of / in its normalization, and of 
J in its normalisation, we can view p^^^F = {PfiPfa) as taking values in 
GL(2,I Pf ) x GL(2,I Pf ). Let X C k' x be the subgroup generated by the 
reduction of Nv kl ^ ■ e(v) for all finite places v prime to Xlp. Let 

?? = {(g,g') G GL 2 (k') x GL 2 {k');det g = detg' G X} 

the two factors being exchanged by a, and 

H = {l,o-} oc77°. 

Similarly let TLcm be the image by the spin representation of {g G T(k') oc 

Proposition 5 For f as above and k\ > k a > 2, w«£/i Nebentypus of order at 
most 2, there exists a (non-effective) finite set S of finite places in Q(/) such 
that, for any p ^ S, splitting in F , for which a pf\p is ordinary for f and f a , 
the image of ~Pn,p f '■ F — * GLy (V) is equal to: 

• H, if f is not CM, 

• contains a subgroup of TLcm of index at most gcd{p — l,ni • n a ) if f is 
of (2,2) -CM type. 
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Comment: In other words, let H the subgroup of G whose image by the spin 
representation is L (ResqGL(2)) (in the non-CM case) resp. L (Resq M x ) in 
the (2, 2)-CM case. Then, in both cases, the assumption (RLI) of sect 7.1, is 
satisfied for H. 

Proof: Assume first that / has no CM. We follow the method of proof of 



Ribet's thesis [p8[ . More precisely, we apply Th.3.1 of [58]. We change its 
statement by replacing F^ _1 there by our subgroup X; since I C F p x , the 
proof of Th.3.1 runs identically. Let G = lmp npf \p. In order to apply Th.3.1 
as in Th.5.1 and 6.1 of [081, we have to check 



• (a) For almost all p splitting in F and ordinary as above, P/, P/ and Pf a>p . 
act irreducibly on k' 2 and their images have order divisible by p, 

• (b) For almost all p as above, there exists 7 6 G such that (TV7) 2 
generates k! x k'. 

(a) If p~t is reducible, we have 
Let us define a global character ip of conductor dividing n • p by 

IpgarU 1 '* 1 =Xl/X2- 

Let ip q , resp. W be the restriction of ip to I q resp. to I q <? . By the ordinarity of 
pj at q and q a , we see that if) q = 1 or lo 2 ^ 1 ^ 1 and Vv = < jj2ra or a; 2 ( fel_1 ) _2m . 
Let e be a fundamental unit of F. Consider the numbers 

2m-cr _ 1 [2(fci-l)-2m]-(T _ i 2(fci-l)+2m-cr _ -i 2(fci-l)+[2(fci-l)-2m]-cr _ -i . 
c X, c 1, c 1,6 1, 

If CJ is prime to these numbers, we see by global class-field theory that the 
global character cannot exist. 

Remark: This reflects the fact that no congruence between / and an 
Eisenstein series can occur, as there are no non-zero Eisenstein series with 
non-parallel weight. 

To assure that p divides the order of Im/5j, one proceeds as in Lemma 5.3 of 
[p8[ to exclude all entries of the list of prime-to-p order subgroups in GL,2(k'). 
We have to modify the proof in case (ii) as follows. Since is totally odd, we 
would obtain a totally imaginary quadratic extension M/F, of relative Galois 
group say, {1,t}, and a ray-class group character A : CImj-p —> (for some 
ideal f of M) such that ~pf = Indj^ X 9al , with Norm AI / F (f)D AI / F \n ■ p. One 
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can lift A into a Hecke character A of M of type adapted to k, so that the 
theta series 0(X) belongs to Mfc(ro(tt ■ .p, e) and 

(C) / = #(A)mod.p 
here again, we use the ordinarity of / at p: 

• first, if D M / F is divisible by q or q a , 0(A) cannot be ordinary at q 
(because k\ and k a are greater than 1); therefore the field M can only 
ramify above IT: this leaves a finite set of possibilities for M. 

• Moreover, by Hida's p-stabilization lemma (Lemma 7.1 of Bull.SMF 
1995), since k\ and k a are greater than 2 (the cohomological weight 
(ki — 2, k a — 2) is regular), congruence (C) can only occur if A has con- 
ductor prime to p. 

In conclusion, if p is prime to all congruence numbers Cg^y) for the set of 
Hecke characters A' of the fields M, of the right infinity type, and conductor 
f with Norm(f)DF dividing n is finite set. If p is prime to the product of the 
congruence numbers C(6(X')) associated to these Theta series, case (ii) does 
not occur. 

Remark: Note that these congruence numbers should be given as the alge- 
braic part of the special value of the Hecke L- function Lm{X' X'^ T \ k). This is 
the hypothetical converse of a general divisibility result of Hida-T. (Ann.Sci.ENS 
1993). It is known at the moment only for F = Q (Hida Inv.64, 1981), but it 
is conjectured for any totally real field F. 



To treat case (iii), we follow closely the argument on p. 264 of [58|: if there 
were infinitely many p satisfying case (iii), then by using Cebotarev density 
theorem, one would find a set of positive density of v's satisfying a% = 4 • 
Nv kl_1 . Since k\ is odd, this condition implies that v ramifies in Q(/) or is 
degree 2 over Q. This set has density zero in F. This is a contradiction. Thus, 
the set of p's in case (iii) must be finite. 



(b) As in |58|, we proceed in two steps: 



1. We establish the equality G = TL° for some prime pf, 

2. We deduce from 1) the existence of 7 G G as desired for almost all 
ordinary p's splitting in F. 

Let p a rational prime, p\p in Q dividing pf and q. We assume that it 
satisfies (a), that it splits completely in Q(/) and that / and f a are ordinary 
at q. We assume furthermore that for any quadratic Dirichlet character x 
mod.n, there exists v prime to Norm(n) such that a v ^ x( v ) " o-v 7 mod.p/. 
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These conditions are satisfied if p t is prime to all congruence numbers for 
all pairs /, f a ®X (f° r the Hecke algebra of level Norm(n) 2 , generated by Hecke 
operators outside Norm(n)); indeed the eigensystems of / and the f a (g) %■> f° r 
any % mod.n are mutually distinct. Indeed, if a v = a v *x(, v )i for almost all vs, 
then x descends to Q. It defines a quadratic extension -F'/Q. Let E = F ■ F' . 
Let Je be the base change of / to E. If r generates Gal{F' /Q), the weight of 
/e is ki(l + T) + k a (a + (jT). The assumption implies that fg = (f a )E = (/e)o-; 
hence Je should descend to F' . This is absurd since its weight is not invariant 
by Gal(E/F) = {l,er}. So these congruence numbers are not zero, and thus 
can be avoided. 
Claim: for such p, G = Ti . 

Proof: If, not, Th.3.8 of (or rather, its proof) implies that there exists a 
quadratic character x of conductor dividing n • p such that 

Pf ~ PU ® x - 

This implies first a v = x( v ) " a v mod.p for all v's prime to Norm(n)p. 
Moreover, by ordinarity of the Galois representations at p (existence of an 
unramified line) , it also implies that x is unramified at p. Since x is unramified 
at p, this is a contradiction by the choice of p. 



In fact, for p as above and splitting totally in Q(/), we even have as in 



Lemma 5.4 of [58|, a stronger result: 
Let 



Tf = {(g,g') e GL 2 (I/pI) x GL 2 {I/pI); det(g) = det(g') e X} 



and 
Then, 



G = Im{Gal(F/F) -» H° 



(*) G = n°. 



2. Let po be a prime satisfying the conditions of 1 and splitting totally 
in Q(/), so that (*) holds. There exists x G TL such that Tr{x) 2 generates 
I /pqI x I /pqI over F po . Therefore, by Cebotarev density theorem, there are 
infinitely many finite places v such that the image of (a 2 , , a 2 a ) € / x / in I/pqI x 
I/pqI generates this ring. For any such v, by Nakayama's lemma,(a^,a^) 
generates the ring 1^ x I( po ) over Z( po ) , hence Q(/) x Q(/) over Q. Fix 
such a v; let J = I[(a 2 ,a 2 a)]; it is of finite index in / x /. for any prime p not 
dividing the index of J in I x I, we put 7 = p n p (Fr v ); it belongs to G and 
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tr(7) 2 generates k! x k! over ¥ p (for k! = I/p). For those p's, we conclude that 
G = W°.QED. 

In the (2, 2)-CM case, let / = 0(<fi). For any p and any p-adic field K (with 
valuation ring O and residue field k) containing the field Q(</>) of values of (f>, 
we still denote by 4> = 4> 9al : Gal(M/M) — > K x the p-adic Galois avatar of 
the Hecke character <p. Thus, we have 

p n = Ind^(4>). 

Let T C G = GSpi C GL(4) be the standard torus of G; the homomorphism 
V> : Gal(M/M) -> GL 4 (C) given by V = diag^,^ ,(p aT ,<p T ) takes values in 
T(0) by (**). We have p n \M — ip- Let be the ring of integers of Q(<p); 
denote by k! the subfield of k = 0/(zu) image of 1$ by the reduction map 
O —> k. ' 

We claim that for almost all p's which split totally in M, the image ^ of 
ip contains a subgroup of index < m • n a of A = {t £ T(k'); u(t) G X}. 

Observe that f ci and ^(^) = v(A). Moreover, since the conductor f 
of 4> is prime to p, we see by class-field theory that the restriction of ip to the 
compositum of inertia subgroups above p contains diag(a ni , b n(T , a ni ■ b~ n " , 1). 
Since k' x is cyclic, we conclude. QED 

Remark: Note that in the (2, 2)-CM case, p is ordinary for / and f a at p if 
and only if p splits in M = E ■ F. 



Corollary 2 ifp ^ S, splits in F , is ordinary for f and f a (at some pf\p), and 
is greater than max(5,w + 1), (tt,p) satisfies all the assumptions of Theorems 
1 and 2. 



Calculations communicated to us by H. Yoshida [|86| establish that the 
unique level one Hilbert cusp form over F = Q(\/5) of weight (14, 2) (hence 
m = 6) admits a non-zero cuspidal theta lift n which is a classical holomorphic 
Siegel cusp form of level 5 and weight 8 (that is, a = b = 5, c = 10). The 
motive associated to ir is rank four with Hodge weights 0, 6, 7, 13. 

• The field Q(/) is equal to F and the order If is maximal. 

• The prime 31 is greater than the motivic weight w = 13; 

• it splits in F: 

,13 + 3v5n 
(31)=pp CT , p = ( — 
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• p is ordinary for / and f a , 

• the image * of ~p n is equal to 

{1,(7} oc {(<?,</) G GL 2 (F 31 ) x GL 2 (¥ 31 )\detg = detg' G (F3*) 13 }. 

The verification of this last point uses Th.3.1 of the main points are 

• to show, for F31 =If/p that: 

^ = Im^ = { g G GL(2,F 31 );det 5 G (F 3 *) 13 }. 
Indeed, V&y contains a unipotent element: consider the degree 2 prime 



A = (3) in F\ the number a\ — 4iV(A) 2 has order one at p. By [63] 



Lemma 1, this ensures the existence of a unipotent element. \P/ is not 
contained in a Borel: there is a prime q above 11 such that J>f(Fr q ) is 
elliptic. 

• To find a 7 G ^ such that Tr(^) 2 generates If / (31) over F31. Take for 
that the prime q above 11 as above and 

7 = (p f (F r(l ),p f (Fr q *) G GL 2 (F 3 i) x GL 2 (F 3 i). 

One has Tr(j) 2 = (28,1) G F31 x F31, which generates F 31 x F31 over 
F31 • 

This provides therefore an explicit example of a couple (ir,p) satisfying 
all our assumptions. Other potential examples for the same F and / are 
p = 19, 29; indeed, they satisfy all the conditions above, except that non- 
trivial unipotent elements have not been found in the limit of the calculations 
of a\ — 4iV(A) 2 (namely, A dividing at most 31). 

Yoshida ]^6| also found that for F = Q(\/T3), the unique level one Hilbert 
cusp form of weight (10, 2) lifts to a nonzero holomorphic scalar-valued Siegel 
cuspform of level 13, weight (6, 6) (a = b = 3) with Q(/) = F, and If maximal. 
The rank 4 motive associated to tt has Hodge weights 0, 4, 5, 9. The primes 
p = 17 and 29 are greater than w = 9, split in F; they are ordinary for / 
and f a . The image of Galois contains {(x,y) G F p 2 x ¥„2;N(x) = N(y) G 
Fp} oc {1,cj}. However, in the limit of the calculations (A dividing at most 
61) no unipotent has been found in the image for those primes. It would be 
interesting to find examples of cusp forms / of the minimal possible weight, 
namely (4, 2). The theta lift tt would then occur in middle degree cohomology 
with constant coefficients: a = b = 0, and the Hodge- Tate weights of would 
be 0,1,2,3. 
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8 Proof of Theorem 2 



The main tool in the proof of Th.2 is the minimal compactification j : X X* 
(see 8.1 below). This compactification is far from being smooth (for g > 1), but 
it has some advantages over toroidal compactifications; namely, the strata have 
a very simple combinatoric and, as a consequence, the Hecke correspondences 
extend canonically to the boundary. Let us consider the long exact sequence 
of the boundary: 



... H*(Su,V x (0)) - H d (Su,V x (0)) - H$(Su,V x (0)) 

... H&X^jtVxiO)) - H* t (X±,Rj*V x (0)) -^Hi{dX^Rj*V x {0)) .. 

In this section, we shall repeatedly use the standard spectral sequence for 
an tale sheaf J- on X* , and a diagram j : X w X* Y : i 

H'(Y, i*R'j*F) => H*(Y, i * Rj t F). 

It will allow us to study (localization at m of) H'(Y,i*R'j^J r ), rather than 
the hypercohomology of the complex FRj^T). 

We will thus be left with the study of the Galois action on the boundary 
cohomology group 

H; t (dXlR'j*V x (G)) 

in order to show that its localization at m vanishes. First, let us recall the 
description of Xq and the form of the spectral sequence attached to its strat- 
ification. 



8.1 The minimal compactification 

The arithmetical minimal compactification X* = X* of X = X„ is defined 



in non-adelic terms in Th.2. 3 of Chapter V of [13|. It is a normal projective 
scheme over Z[l/iV]. We are only interested in the generic fiber XX = X* (g)Q. 
In this setting, an adelic definition can be found in (55|] or (5(| Sect. 3 for 
a general reductive group G; let us describe the strata adelically for G = 
GSp(2g). We need some notations. For r = 1, . . . ,g, let P r = M r ■ Up r be 
the standard maximal parabolic of G associated to the simple root a ff _ r +i 
(see Sect. 3. 2. 2). Its Levi group M r is isomorphic to GL{r) x GSp(2g — 2r) 
(recall that GSp(0) = G m by convention). We decompose it accordingly into 
a product of group schemes over Z: M r = M r ^ x M r h, where the index £, resp. 
h, denotes the linear, resp. hermitian part of M r . Thus, M r ^ = GSp(2g — 2r) 
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admits a Shimura variety, which is a Siegel variety of genus g — r, while M r ^ 
does not. Let n r : P r — > M r = P r /Up r and let P r h be the inverse image 
of M rt h by K r . Let K r ^ be the standard maximal compact times center in 
M^/,(l), and i? 9 - r = M r ^(W) / K r ^ be the Siegel space of genus g — r (it has 
two connected components Z^_ r ); then the compactified symmetric space Z* 
can be described set-theoretically as: 

2;=UG(Q)x«2 9 _ r 

r=0 

therefore, 

S* v = G(Q)\Z* g x G(A f )/U. 

For any subgroup V r C P r (A), let us denote by V^/j its projection to 
M r ^(A) = P r (A)/M r ^(A) • Up r (A). Then, by simple manipulations we obtain 

(8.1.1) S&=U|_|^-r,-tfr. fc 
r=0 i 

where 

• x runs over the finite set P(Q)P r ^h{Af)\G(Af)/U, and x denotes an 
arbitrary representative of x in G(Aj); for later use, we may and do 
choose x so that its p-component x p is trivial; 

• we have put x U r = x ■ U ■ x" 1 n P r (A), 

• we have 

Sg- r ,u« = M r ^)\M r , h {K)/ x U r , h = M r , h (Q)\Z g ^ r x M r , h (A f )/ x U r , h . 

Note that the disjoint union is set-theoretic, not topological; see below though. 

For each x, a standard application of ths Strong Approximation Theo- 
rem shows that the connected components of S g - r xu rh are indexed by a sys- 
tem {rrif t h} of representatives in M r ^(Af) of the (finite) set of double cosets 
M rth (Q)\M r!h (A)/ x U r , h ■ Mr th (R) + , where M r ^(IR) + denotes the subgroup of 
Mr^iW) of elements with positive similitude factor. Recall that we have as- 
sumed that U is good; the condition v(U) = Z x implies that for any r > 1, 
the set M ryh (Q)\M r)h (A)/ x U r)h ■ M r>h (R) + has only one element. That is, 
Sg~ r , x u r h is connected. 

Let ' 

T Mr h (x) = M rjh (Q) n x U r , h x M r , h (R) + ), 
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then, we have a canonical identification 



this is a Siegel variety of genus g — r. 

By [55] Sect. 12.3, the decomposition (8.1.1) of into locally closed sub- 
sets canonically descends to Q into a stratification of XX. We have 

8X* Q =X l U...UX g 

where the stratum X r is defined over Q. Actually, 

(8.1.2) X r = [_\X,, 



x 



with x G P{ < Q)P rt h(^f)\G(Af)/U and where X rjX is the canonical descent to 
Q of Sg- r ^u rh . (8.1.2) is a disjoint union in the Zariski topology. 

Recall For the Zariski topology of X* , one has Xi D Xj for i < j and 

Xi — Xi + \ = Xi. 



8.2 Spectral sequence associated to the stratification 

To the stratification dXq = X\ D . . . X g D X g+ \ = is associated a spectral 
sequence in Betti or tale cohomology 

(8.2.1) Sp 1 ' 9 = HP- 1+9 (X p -X p+1 ,k* p Rj,V x (k)) => H p ~ 1+q (dX^, Rj* V\(k)) 

where k r : X r dX* denotes the locally closed embedding of X r = X r — 
X r+ \. It is compatible with algebraic correspondences preserving the strati- 
fication. It is mentioned as a remark in Milne, Etale Coh. Chap. Ill, Remark 
1.30. We don't know a complete reference for it, hence we sketch the proof: 
Given a stratification on a scheme Y, by closed subsets Y = Yq D Y\ D . . . D 
Y n+ \ = 0, given a complex of etale sheaves V on Y with constructible coho- 
mology, we consider for p < q the open immersion j pq : Y p — Y q <— > Y p and the 
closed immersion i pq : Y q Y p . Let V p = i^pV; we have V g = i pq V p for any 
p < q. We have short exact sequences 

-> jpq,\Vp\Y p -Y q ->• V p -> i pq ^i* pq V p -> 

This yields a stratification on the complex V: 

0C joilCVIy-yJ C io2!(V|y_y 2 ) C ... C jop!(V|y_y p ) C ...V 
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Note that for any p > 1: 

iop!(V|y-y p )/j ,p-l!(V|y_y p _ 1 ) = io,p-l*jp-i 1 p\V p -.i\Y p _ 1 -Y p > 

hence, 

E P, q = h p+« { y p _ x _ Yp , (f 0>p ^V)\ Yp ^-Y p ) 

as desired. 

Let us apply this sequence to our stratification. We have for any r > 1: 

X r — X r+ \ = |_J X rjX 

X 

(8.2.2) sr 1 '^®^" 1 ^^,^^^)!^,) 

By the standard spectral sequence 

H' c (X r , x ,R'j*V x (k)\ Xr J => H'(X T)X , Rj*V\(k)\x riX ) 
We are left with the study of R* j*V\(k). 

8.3 The restriction of the higher direct image sheaf to the 
strata 

It is easy to determine the restriction mentioned above on the analytic site 
(in Betti cohomology). The details are in |33| Sect. 2. 2. 5. One finds that the 
complex restricted to the stratum is quasi-isomorphic to the complex (with 
trivial differential) of locally constant sheaves on S g - r xjj r h associated to the 
r*f r h (x)-module: 

H'(T MrJ (x),H'(r Upr (x),V x (k))) 

where 

r Mr » = M r , e (Q) n ( x U r/ x M r> e(R)), for x U r/ = k t ( x U) n M r/ (A/) 
and 

v Upr (x) = u Pr (Q) n ( x unu Pr (A f ) x u Pr (R))- 

The main result of is that, replacing the Betti site by the tale site, this 



result remains true. More precisely, by Th. (5.3.1) of [56], the complex of 
tale sheaves R'j*V\(W p ) over X*,~ restricted to X r>x /q is quasi-isomorphic to 
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the complex of etale sheaves with trivial differential obtained by canonical 
construction from the representation of M r ^ ® F p on 

H* {T Mrl (x),H* (T Upr (x) , V X (F p ))). 

(and similarly for k instead of F p ). We then mention a mod.p version of 
Kostant decomposition theorem. Recall we have chosen the representatives 
x G G(Af) so that x p = 1. This implies in particular that Tjj Pr (x) is dense in 
Up r (1i p ). For any reductive subgroup M C G, and any (M, B n M)-dominant 
weight /i of T n M, let Vm )M be the Weyl Z p -module of highest weight p, for 
M. 



Lemma 14 Assuming p — 1 > |A + p|, i/ien, /or any r > 1, the semisimplifi- 
cation of the ¥ p T M r ( x ) -module 

H«(T Upr (x),V x (W p )) 

is an M r (¥ p ) -module whose decomposition into irreducible M r -modules is 
given by: 

H"{T Upr (x), V x (¥ p )) ss = V Mr ^ (x+p y p 

w "ew p r ,e(w")=q 

Proof: Over Q p , the module itself is semisimple and the decomposition is 

given by Kostant's theorem. By Theorem C of |57|| , for p as stated, H'(Tjj p (x), V x (7a p )) 

is torsion-free. Therefore H*{Tu Pt (x), V x (7j p )) is a stable lattice in H'{Tu Pr (x), V X (Q P )). 

Then, the determination of its composition factors as Z p [M r (F p )]-module, for 

p as stated, is the content of Cor. 3. 8 of [57|. 

As already noted, we have M r = M r g x M r ^. Let Tg = T n M T ^ and 
T/j = T n M,.^; note that Tg consists in the t G T of the form 

diag(t g , . . . , i 9 _ r +i, 1 . . . , 1, t g _ r+1 , . . . , t 1 ), 

while the maximal torus Th of M r ^ consists in the elements 

t = diag(t g , ...,ti,u- tV 1 , ■ ■ • , v ■ tg 1 )) G T 

such that t g = . . . = t g - r+ i = 1. For p w <> = w 11 (A + p) — p G X*(T), we denote 
the restrictions to Tg resp. by p^v = p w "\T e , and /U^"^ = p w "\T h ', since //u," 
is dominant for (M, B f] M), p w » : g, resp. p w " : h, is dominant for (Mg, B f] Mg), 
resp. (M^fiflMj,). By Theorem 1 of it follows fromp— 1 > |A + p|, that 
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the irreducible M r/ > Zj) -module Vmj.,^- can be decomposed as a tensor product 
of irreducible Z p -modules over M Tj £ resp. M r ^\ 

VMr,^" = VM r>h ,n w », h <8> ^M r/)W ., r 
Therefore, as M^-module, we have 

(8.3.1) H'(T Mr ^x),H'(T Upr (x),V x (¥ p )) = 

Thus, the tale sheaf on X r j3 ,/q associated to this representation of Mr, h is 

(8.3.2) H'{T Mrt {x),V Mr ^^,d ® Vm m ,^p) 

■w"ew p r 

In particular, the Galois action on the tale cohomology over X r>x <g> Q of this 
sheaf arises only from the second factors of each summand. 

8.4 "Hodge-Tate weights" of the Ei-terms 

Recall that x p = 1, hence x U r ^ is of level prime to p, so that X r>x has good 
reduction at p. For each r > 1, and each u>" E W Pr , let us determine the 
Hodge filtration of the crystalline representations 

H'(X 7 , x ®Q p ,V MrM , M (F p )). 
We have dimX r ^ x = d r = ( g r ^ g h-i) ^ gj nce d r + \p w \ < p — 1 ; Faltings' 



comparison Th.5.3 of [21] applies. Again, as in Sect. 7. 2, one determines the 
weights using the modulo p BGG complex (quasi-isomorphic to de Rham by 
Cor.l to Th.6). Let Q(G g - r ) be the Siegel parabolic of G g - r = M r ^ and 
M{Gg- r ) its standard Levi subgroup. The weights are given by 

-(u/ipw" + Ph) ~ Ph){H h ) = -w'(w r '(\ + p) - p + Ph) - p h ){H h ) 

where w' € Wq . By the description of Th given above, we see that 

Hh = H and w'(—p + ph) = —p + Phi hence, the weights are 

(8.3.1) p(w) = -{w{\ + p) - p)(H) forw = w'oM)" 



Claim: For r > 1 and u>" € W Pr ; let 

W G (w") = {w e W G ;w = w' o w \ forw' G W^ Gfl_r) }. 
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Then, the function Wg(w") -> N,w i-> p(w) cannot take both values and 



w. 



Proof: As already observed, the function w t— > p(w) factors through Wq/Wm- 
We see that p(w) = if and only if w G Wm and p(w) = w if and only if 
w 6 wqWm where w$ is the longest length element of Wq- The latitude to 
modify the given w" by w' is too limited: If w"Wq _ r a n Wm 7^ 0, then 

w"Wq _ r 9 ^ n i«oWm = O and conversely. 
8.5 Hecke algebras for strata 

Let S be a finite set of primes containing the level of all strata but not contain- 
ingp. Let H(G g ) s = ® ¥s H(G g ) e , resp. H{M{G g )) s = <S>^ s H(M(G g )) £ be 
the abstract Hecke algebras generated over Z by double classes at all primes 
£ ^ S, for G g = G resp. the Levi M{G g ) of the Siegel parabolic Q{G g ). Simi- 
larly, for each r > 1, we introduce TL{M r ) = TL{M r ^)®'H{M r ^); by identifying 
M r> h to Gg^ r , we also introduce Ti(M(G g - r )). For each prime q ^ S, by Sa- 
take isomorphism, we see that the fraction fields of the (/-local Hecke algebras 
over WL fit in a diagram of finite field extensions: 

Fr(H(M(G g )) q ) M -> Fr(H(M rj t) q ®H(M(G g -r))qh 
T T 
Fr(W(G 9 ) g ) R -> Fr{H{M r i) q ®H{G g - r ) q ) n 

It corresponds by Galois to the diagram of subgroups of § 9 oc {±1} 5 : 

X 



y g -r 



§ r X {Sg- r OC {±l}9- r ) 



OC {±1}« 



The diagram of fields can be descended from R to Q by using twisted action 
of the Weyl groups as in Sect.VII.l p. 246 of g|]. In particular, H(M(G g )) q 
and H(M r i) q (g) Tt(G g - r ) q are linearly disjoint over Tt(G g ) q : 

(8.5.1) Fr(H(M r/ ) q ® H(M(G g - r )) q ) = 

Fr(H{M H ) q ® W(G 9 _ r ) g ) • Fr(H(M(G g )) q ) 

On the other hand, as a consequence of Satake isomorphism, the Hecke- 
Frobenius element £7 9j g, resp. U q ^G g _ r generates Fr(TL(M{Gg)) q ) over Fr(H(G g ) q ), 
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resp. Fr(H(M(G g ^ r )) q ) over Fr{H(G g „ r ) q ) (see Sect.VII.l of @). More- 
over, U qt G = ^-H{M rt ) ® ^,G g _ r • From (8.5.1), we see that the minimal polyno- 
mial Irr(X,Uq tG ,H{G g )) is divisible by Irr(X,l n(Mre (g> U q>Gg _ r ,H{M rl ) q ® 

H(Gg- r )g). 

The Hecke algebra 7i(G g ) acts on each stratum X r = \_\ ± X rjX by Q- 
rational algebraic correspondences. Indeed, there is a surjective homomor- 
phism of Z-algebras 

<j>g- r : H(M(G g f -> H(M(G g ^ r ) s , 

[Gg(Z g ) ■ diag(a r , b 2g -2r, c r ) ■ G g (Z q )] i — > 

f [G g - r (Z q ) ■ diag(b 2g -2r) • G 9 _ r (Z g )] if a r G T A f r/ (Z 9 ) 
[0 if not. 

See ||, Sect.IV.3. 

On S g ^ r , x U r: h, we let the double class [f/afJ] act by the algebraic cor- 
respondence associated to (j) g - r ([UaU}). By the theory of canonical models, 
since v(jT) = Z x , these correspondences are defined over Q. 

Let m be the maximal ideal of TC(G g ) associated to 9 n . Let 

W r > s = £[ m M = (0i?r 1+s (^ ® Q,R'j*V x (k)\x r , x )[m] 

X 

Lemma 15 For any q ^ S, the characteristic polynomial of ~p n annihilates 
the action of the geometric Frobenius Fr q on W r ,s . 

Proof: By Theorem 4.2, Chapt.VIII of g3|, we know that 

Irr(X,U q , Gg _ r ,H(G g -r) q ) 

annihilates Fr q on W r ,s . By the divisibility relation obtained above, we also 
have Irr(X, U qtG ,H(G g ))\x=Fr q = on W r ~ 1)S . By definition of ~p n , we have 
char(p n (Fr q )) = Irr(X,U q>G ,H(G g )), as desired. 

8.6 End of the proof 

By the previous lemma, we can apply Lemma 13 to W r ~ 1,s (for r > 1): 
if W r ~ 1,s 7^ 0, both characters 1 and occur in W r ' s \i . This con- 

tradicts the Claim in Sect. 8. 4. Thus, we have for any s > 0, E 7 l J' ,s = 0. 
By (8.2.1) and (8.2.2), we conclude that for any r > 1 and any s > 0, 
H r +8 (dX*,R'j*V\(k)) m = as desired. By the long exact sequence of 
cohomology of the boundary, we obtain H^(X,V x (0)) m = H d (X,V x (0)) m . 
We deduce the corollary: 
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Corollary 3 For (ir,p) as in Th.l, the natural maps induce an isomorphism 

H d (X, V x (0)) m = H d (X, V x (0)) m 
This is the first part of theorem 2. 

8.7 Intersection cohomology 

For the minimal compactification j : X X* and an etale sheaf T over X, 
we consider the intermediate extension j\^J~. By Q, prop. 2.1.11, we have 
the following description of this complex : 

= T <Cg Rjg ) *T <Cg _ 1 Rjg-. lt * . . . T <Cl Rj 1 ^J 1 ' 

where for U r = Uo<j< r ^--u we P u * 3r ■ U r -\ > U r , i = 1, . . . , g, and c r is 
the codimension of the stratum X r in X r _i. 
We have 

... H d c (S U} V x {0)) -» 1^(5^,^(0)) -^1^1(5^,^(0)) ... 

... ^(X±,j,y A (0)) - H&xyxMO)) ^ H&dXy^VxiO)) ... 

Proposition 6 IH%(Su,V\(0)) m = 0. 

The proof will be similar to the usual cohomology case: it relies on Pink's 
theorem, lemma 13 and a variant of Claim 8.4. Some more induction is needed 
though, due to the successive truncations involved in defining j\ t *V\. 

By the spectral sequence (sect. 8. 2) associated to our stratification, we are 
reduced to show 

Lemma 16 H d et (X r>x , j\,*V\(W p )) is a subquotient of 

H'(X r ^R'j 9 s o i2V fl -i,. . . . o R'j^V x (¥ p )) 

Proof: We write the argument for g = 1 and 2. For g = 1, it follows directly 
from the second spectral sequence associated to the complex T <Cl Rji,*V\(Wp): 

H' c (X r ,r <Cl R'j^Vx(¥ p )) => H'(X r ,T <Cl Rj^V x (¥ p )). 

For g = 2, applying this "second spectral sequence" to 

T<c 2 Rj2,*( T <ci R h,*V\($?p))), 
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The group H^ et (X rx , j\ t *V\(W p )) admits a devissage by subquotients of 

Hi (X r , r <C2 R'j 2 ,*r <ci Rj^V x (F p ) ) . 

The complex inside the cohomology is filtered, hence the cohomology itself is 
filtered and its graded pieces are subquotients of 

H' c (X r , t <C2 R*j 2 ,*T <cl R'h,*V x (F p ) ) 

by the formalism of spectral sequences. 

For the next lemma, some more notations are needed. Let j pq : U p U q 
for p < q; thus, j = jo >g = ... = j r o jo jr . Let i PA : X p <^-> C/q denotes the 
locally closed immersion of X p in U q (composition of the closed immersion 
i p : X p ^ U p followed by j p , q )- Note that jo ;7 - = iq^. 

Let 

W(r) = fl 

(so, W(0) = {1}). For w(r) = (w r , . . . , wi) G W(r), the symbol w(r)-(\+p(r)) 
is defined by induction by 

w(r + 1) • (A + p(r + 1)) = w r+l ■ {w{r) ■ ((A + p(r))) + p r+ i). 

(recall that p r denotes the half-sum of positive roots of G g - r for the order 
deduced from (G g , B g ,T g )) and w r ■ (A + p r ) = w r {\ + p r ) — p r . One sees by 
induction on r that |A + p\ r < p — 1 implies \w(r) • (A + p(r))\ r < p — 1 for any 
r > 0. 

For a = (a g , . . . , ai) £ Z 9 , > 0, let 



if a r+ i + . . . + a g > 

1 if not 



Lemma 17 TTie s/iea/ i? a9 j 9 _i i9i * • ■ ■ R ai jo,i,*V\(¥ p ) is constructible finite 
tale; for r = 0, . . . , g, its restriction to the stratum X r comes by the canonical 
construction from a T M r {x) -module whose semisimplification is 

w(r)£.J 

for some subset J C W(r) and where T ar \ is the tale sheaf associated to a 
finite- dimensional ¥ p -vector space without action of G g - r ; it depends only of 
(a r , . . . ,a±); it does not contribute to Galois action on the tale cohomology of 
X r . 
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If F = can(V), we shall write F ss for the sheaf can(V ss ) 
Proof: For each r, we consider the abelian category C r of constructible tale 
sheaves in ¥ p - vector spaces over U r ; let A r be the abelian category generated 
by the j s ,r,\is,s,*Fs (0 < s < r) where F s is locally constant on X s , of the form 
stated in the lemma. Since these sheaves are supported by the strata X s and 
since there are no non-zero morphisms between sheaves with disjoint support, 
A r consists exactly in the objects mentioned. 

Let B r be the abelian subcategory of C r stable by extension generated by 
A T . We first note that the sheaves of the form G = j r -ii\i sr -i*F s , < s < 
r — i are objects of B r . Indeed, we have the short exact sequence: 

► jr—i—l,r,\^s,r—i—l,*Ps * G ► jr—i,r,\^r—i,r~i,*^r—i,r—iG * 

By Pink's theorem, the sheaf on the right is in B r ; by decreasing induction 
on i, the sheaf on the left is in B r since for i = r — s, we have j sr \i s S *F S £ B r . 
In particular, the sheaves i s ,r,*Fs are objects of B r . 

Remark: If we could prove that any finite ¥ p TM r (x)-module with p-small 
highest weight is algebraic, it would follow from [^7| that it is semisimple. 
Then, A r and B r \x r would be semisimple. 

To prove the lemma, it is enough to show by induction on r > the 
following statement 

(P r ) R ar j r -l,r,* 0...0 R ai j ,l,*V X (¥ p ) G B r 

Indeed, if we assume (P r ) and if we apply R ag ig^oR* 9 ' 1 j g -\,* • • .oR ar+1 j r ,r+i,*, 
we obtain the extra factor 6 a r as desired. 

(P r ) is obvious for r = (take I^o,A = F p ). 

For r = 1, let Ri = R ai jo,i,*V\) we know that 

wieW P , 
°i 

by Pink's theorem. Therefore, we have an exact sequence on U±: 

- Jo.l.lV* ® T -> Rf - I4)r(A+pi) ® Ti -> 

9-1 

for some Tq and T\ as desired (in fact Tq = ¥ p if ot\ = and otherwise). 
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Induction step: Assume that (P r -i) holds. Note that R'j r -i, r ,* preserves 
C r . Let 

M r _! = R a r-ij r _ 2jr _^ . . . o R a 'j ^V x (¥ p ). 

By assumption there is a filtration F*R r _i whose graded pieces are in A r -i- 
Hence -R*j r -i,r,*H r _i will be in B r if for each s between and r — 1: 

(8.6.1) R*jr-l,r,*j S ,r-l,\is,s,*F s IS in B r 

We prove this statement by induction on the length of the stratification of 
X* . If true for g— 1, we consider X* of length g. We can assume s = 0, and we 
have to prove that R*j r -i,r,*jo,r~i,\Fo £ &r- We prove in the Appendix that 
such a sheaf is constructible with respect to the natural stratification of X*. 
Therefore, it remains only to show that for each s < r, the locally constant 
sheaf 

R jr- 1 ,r, *jo,r-l,\Fo\x s 

involves the desired highest weight representations. 
We have the following exact sequences 

— > jt,r~l,\h,t,*Fo — > jt+l,r-l,\jo,t+l,*Fo ~> jt+l,r-l,\H+l,t+l,*Ft+l ~> 

where t = 0, . . . , r — 2 and F t = if(jo,t,*Fo). By induction hypothesis, we have 
R'jr-i,r,*jt+i,r-i,\H+i,t+i,*Ft+i G B r . So, i? # >-i,r,* jo,r— 1,*-^0 is constructible 
for the natural stratification, and we need to see it has the correct highest 
weight representations (in brief, is of type B r ). 

This sheaf is the E^-term in the spectral sequence of composition of two 
functors abutting at 

R jo,r,*Fo 

By Sublemma 1 below, this abutment is of type B r . Let us check that for 
q>0, 

-Ef' 9 = R P jr-l,r,*R 9 io,r-l,*Fo 

belongs to B r . We notice that R q i s ,r-i,*V w (s)-(\+p(s)) 1S supported on X\ TJ . . . TJ X r -i, 
hence we can apply the induction assumption to X{ which has a stratification 
of length g — 1 ; we obtain 

// q>0, E™£B r . 
The conclusion follows then from sublemma 2. 
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Sublemma 1 Let X* be a space with a stratification £ of length g. For 
each r = 0, . . . , g, let A r be an abelian subcategory of locally constant sheaves 
on X r ; assume that for any s < r < g, i*R'i s ^ sends A s to A r . Let B 
be the smallest abelian category of Yj- constructive tale sheaves on X* which 
is stable by extensions (that is, which is thick) and contains j s d s , s ,*Fs (for 
s = 0, . . . , g). Then R'j* sends Aq to B. 

Proof: Let V £ A and F = R'j*V . 

Consider the nitration 

F g = j,F\ Uo C...CF r = j r ,iF\ Ug _ r C . . . F = F 
The successive quotients are given by 

Fi-i/Fi = j' ff _ i+ i j! « ff _ i+ i jl | t i*_ i+1 Fj_i. 
Note that i*_ i+1 Fi-i = i*_ i+1 F belongs to B by assumption. 

We conclude by the following trivial lemma. 

Sublemma 2 Let B be a full thick abelian subcategory of an abelian category 
C which is stable by subobjects and quotients. Let F^ q H p+q in C be a 
spectral sequence concentrated in p,q > 0. Assume that Ef' 9 £ B for any , 
q^qo, and E™ G B for any p, q, then E^ qo G B. 

Proof: By decreasing induction on the r of the spectral sequence EP ,q . 
From these two lemmata, th.2.(ii) will follow if we show 

Lemma 18 For any s = 1, . . . , g, we have 

H = H'(X S , V w ( s y(x +P ( s ))) ms = 0. 

Proof: We apply Claim 8.4; a formula similar to the formula there shows that 
the Hodge- Tate weights occuring in H are 

-w' s -w" s - ...w[-w\-(X + p(s))(H) 

that is, 

p(w) = —(w(X + p) — p)(H) iovw = w' s o w" s o . . . w'i o w"i 

As in 8.4, since s > 1, and w cannot occur simultaneously as weights for 
this cohomology group. On the other hand, by the Galois-theoretic argument 
8.6 they should, if H / by Lemma 13. We conclude H = 0. 
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It is maybe useful to state in a single result an outcome of our proof of 
Theorems 1 and 2: 



Corollary 4 Under the assumptions for ir,p, m as before, we have: 



H'(Su,V x (0)) m = IH'(Su,V x (0)) m = H'(Su,V x (0)) m = H d (Su,V x (0)) m . 

Comment: This corollary requires (RLI), but does not require the regularity 
of A. When A is regular, we have already mentioned that 

H' cusp (Su,V x (C)) = IH'(Su,V x (C)) = W(Su,V x (C)) = H?(Su,V x (C)). 

moreover, it seems plausible that for such a A, for any q < d, H q (Su, V X (C)) = 
0. It might result from Franke spectral sequence. It does indeed for g = 2 
(see Appendix A of |7^]). If it were true, harmonic analysis would provide a 
complex version of our theorem, without localization : 
For , q < d, 

H q cusp (Su, V X (C)) = IH«{Su, V X (C)) = H?(Su, V X (C)) = H«(Su, V X (C)) = 
and 

HL P (Su, V X (Q) = IH d (Su, V X (C)) = Hf(S v , V X (C)). 
But of course 

H?(Su,V x (C)) ^ H d (Su,V x (C)). 



89 



9 Application to a control theorem 



In this section, we want to apply Theorem 1 for improving upon Theorem 6.2 
of |72|. More precisely, we want to replace the non effective assumption on 
the prime p there, (namely, p prime to the order of the torsion subgroups of 
H q (Sfj, V\(Z)) for q = 1,2, 3) by an "effective" assumption p — 1 > max(a2 + 
a% + 3, 4) which in particular is independent of the level (however, we need to 
assume the mod. p non-Eisensteiness condition (RLI) which is far from being 
effective, but depends only on p^). Note however that we need to localize the 
Hecke algebra at the maximal ideal given by 6 n modulo w. This is innocuous 
for questions of congruences between 9 n and characters coming from other 
representations occuring in H s . 

We prefer to treat axiomatically the general case G = GSp(2g)q of an 
arbitrary genus g, assuming conjectures (which are proven for g = 2). Most 



notations in this section follow those of Section 7 of [72 1. Let A = (a g , . . . , a\; c) 
be a dominant regular weight {i.e. a g > . . . > a\ > 0) and tt a cuspidal 
representation of level U occuring in H d (Su,V x {C)). Recall that B denotes 
the standard Borel subgroup B of G and B + its unipotent radical. Let p be a 
prime not dividing N. for any n > 1, let 

U (p n ) = {ge U;gmod.p n G B(Z/p n Z)} 

resp. 

U!(p n ) = {ge U;gmod.p n G B + (Z/p n Z)} 

The p-component of Uo(p n ) is the Iwahori subgroup (resp. strict Iwahori 
subgroup) of level p n and is denoted by I n C G(Z P ), resp. J n C G(Z p ). Let 
Si(p n ) resp. So(p n ) be the Siegel variety associated to U\(p n ) resp. to Uo(p n ). 
For each n > 1, let 

Wl >n = H«{S 1 (p n ),V{{K/0)) 

where denotes the Iwahoric induction of A that is the lattice in V\(K) 
consisting in A _1 -equivariant rational functions / on G/B + taking integral 
values on the Iwahori subgroup I\ of G(Z p ). Thus V' x is Instable (hence 
J n -stable for any n > 1). Note that it contains the G(Z p )-stable lattice V\ 
defined similarly, but with the stronger condition /(G(Z P )) C O. Let be 
the inductive limit over n > 1 of the . 

Let w *,n = © W A,n' res P- W * = © W v We introduce several abstract 
Hecke algebras: Let 

D p = {d G T(Q P ) n M 2 g{Z p )"P rim \ord p {a{d)) < Ofor any positive root a} 
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where M2 9 (Z p ) p " m denotes the set of integral matrices with relatively prime 
entries. D p is a semigroup. Let 7i N , resp.7i N ' In , resp. 7i N,Jn be the abstract 
Hecke O-algebra outside N and integral at p, resp. integral at p of type I n , 
resp. integral at p of type J n : 

n N = (g) 0[G{®t)//G(Z t )\ ® 0[U p D p U p //U p }, 

£ prime to Np 

H N,i n= 0[G(Q e )//G(Z l )]®0[I n D p I n //I n ], 

£ prime to Np 

H N,j n= o[G(Qe)//G(Z t )]®0[J n D p J n //J n ]. 

£ prime to Np 

For any n > 1, there is a natural surjective homomorphism 7i N ' Jn — ► 
H N ' In (0), but that there is no homomorphism 7i N,Il (0) — ► Assume 
that 7r satisfies the condition (AO) of automorphic ordinarity at p (see intro- 
duction). Let us recall how one can transfer the character 6 W : 7i N — > 
to a character 6^ : K^ 71 — > C The inclusion of lattices C V[, to- 
gether with the finite morphis So(p) — ► S 1 ^ give rise to a morphism of sheaves 
(<%, V\(C?)) — > (Sq(p), Vj(), hence a morphism on cohomology 

t : #:(^,F A (0)) - i?;(5o(p),^(0)). 

Moreover, the Hecke operators T Pi j, z = 1, . . . , g, defining the condition (AO) 
act on these cohomology groups. Observe however that for each i, T p ^ act 
differently in prime-to-p level (e.g. on Su), and in level p (e.g. on So(p)). They 
define idempotents on these cohomology groups; let eo = lim n ^ 00 (nf=i Tp,i) n ' 
be the idempotent defined on H'(Su, V\(0)), and e = lim n ^ 00 (nf = i Tp,i)"" 
defined on H'(So(p), V^{0)) by the same formula (with a different meaning 
though) . 

Lemma 19 (Hida's stabilization lemma) If X is regular, the homomorphism 

h:(Su,V x (0)) - h:(S (p)X(O)), x^e.t(x) 
induced by the diagram 

H:(Su,V x (0)) - H:(S (p),V{(O)) 
U el 
e • H;(S v ,V x (0)) e ■ H:(S (p),V{(O)) 

is an isomorphism sending an eigenclass for 7i N to an eigenclass for TL 1 ^' 11 . 
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Proof: See Prop. 3. 2 of j72[ (proven there for GSp(4) over a totally real field: 
it generalizes directly to arbitrary g). 

Denote by h\(U;0), resi>.h.\(Ui(p n ); O), resp. h\(Uo(p n ); O), the image 
of H N in End (H'(Su,V x (0))), resp. of H N ' Jn in Endo(W'), resp. H N ' Jn in 
Endo(H*(So(p n ), V{(0))). By the lemma above for * = 0, the character 8 n : 
h\(U ;0) — ► O induces a character 6' n : h\(Uo(p); O) — ► 0; hence (compatible) 
characters of h A ([/i(p n ); O) for any n > 1. Let 

h A = projlim n h.x{U 1 (p n )] O). 

Note that h A acts faithfully on W* . Let m' = Ker 9 W be the maximal ideal of 
h A associated to n. The localization W^(m') of W A , resp.V A at m' is contained 
in the ordinary part e- W A and is therefore a localization of this ordinary part. 
Note that T(Z p ) C D p ; by action on n , we obtain (compatible) group 
homomorphisms 

() A :T(Z p )^h A (^(p");0). 

By linearization, we obtain a continuous O-algebra homomorphism from the 
completed group algebra 0[[T(Z p )]] to h A . For any discrete 0[[T(Z p )]]-module 
W, the Pontryagin dual W* = Hom(W, K/O) is a compact topological £>[[T(Z P )]]- 
module. Let 

T x = Ker(T(Z p ) -► T(F P )) and A = 0[[T X ]] 

A is an Iwasawa algebra in (g+l)-variables. Recall that an arithmetic character 
X ■ T(1i p ) — » O x is a product x = £ l 1 where e is of finite order, factoring 
through, say, T(Z/p n Z) and [i £ X*(T) is algebraic. If x — lrnod. w, it 
can be identified to a character of T\. It induces canonically an O-algebra 
homomorphism x '■ A. — > C Its kernel P x is a prime ideal of A called an 
arithmetic prime. We say that x = H £ 1S dominant regular if \x is. 

Theorem 9 Given a ir cuspidal of level N; let p be a prime not dividing 
N such that the conditions (Gal), (RLI), (AO) and (GO) hold, and that 
p — 1 > max(a\ + . . . + a g + d, 4); then 

(i) W'(m') = W A (m') and W A (m')* satisfies the exact control theorem: 
for any regular dominant arithmetic x> there is a canonical isomorphism 

H d (S ( P n ),V^ x (K/O)) ml - W d x (m')[ x ] 

Same result for the compactly supported version CW A (m') ofW\(xn') and for 
its image Wf x (m') in W A (m'). 

(ii) The inclusion Wf x (vc\!) C W A (m') is an equality, 
(ii) W^(m')* is free of finite rank over A. 
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Proof: 

(i) The proof makes use of Hida's Exact Control criterion (Lemma 7.1 
of ]40|1 ) together with the calculations of Section 3 of JT^] which generalize 
readily to GSp(2g) Q . We prove W q x (m') = and CW q x (m') = by induction 
on q < d. For that, by Theorem 3.2 (ii) and isomorphism (3.16) of [72|, it is 



enough to show that H"(S {p),V{{K/O)) m > = 0. By Proposition 3.2 of (7| 
and its proof (relating m' and m), this amounts to see H q (Su,V\(K/0)) m = 
0. This is precisely what is stated in Theorem 1 in the introduction, under 



our assumptions. Thus, exactly as in the proof of Theorem 3.2 of [72|, we 
obtain (i) for W q . In an exactly similar manner, we show the control for the 
compact support analogue, based on the Exact Control criterion for compactly 
supported cohomology. 

(ii) Similarly, the degree d boundary cohomology is controlled, and vanishes 
in weight A (i.e. x = 1) by our Main Th.2. Therefore, by Nakayama's lemma, 
it vanishes A-adically, and Wf x (m') = W^(m'). 

(iii) We use the following criterion: a discrete A-module W is A-cofree of 
corank r < oo if and only if there exists an infinite set of arithmetic characters 
X such that flv^x = in A, and for which W[x] is O-divisible, cofree of 
constant corank r. We take the set of algebraic dominant characters x = l-i^ 1 
with fi regular dominant and congruent to A mod. p, and apply the control 
formula stated in (i). We need to see that H d (S (p), V^K/O))^ is p-divisible 
(and furthermore, of constant corank). The long exact sequence 

H d (S (p)X(K)) m > - H d (S (p)X(K/O)) m/ - 

^ H d+1 (S (p)X(O)) m ' 

shows it is enough to verify that the H d+l is torsion-free. By Poincare- 
duality (Th.6.4 of f72|), it amounts to see that H d ~ 1 (S (p),Vf l (K/O)) m ' is 
divisible; in fact it is null because by (i), since p, is regular dominant, one 
knows that CW d ~ l (vn!) is zero and that it is controlled: 

A 

Ht\So(p), VfrK/0)) n , = CWf" V)[*] = 0. 

This shows the divisibility of W^(nx')[x] for all //'s as above. The corank r(x) 
can be read off from the dimension over the residue field k of the zu-torsion. 
Note that in A, P x + (zu) is the maximal ideal, hence does not depend on x- 
Thus r(x) = dim fc W^(m')[mA] is independent of x-QED. 

Let h m = h\(U;0)(m') be the localization of at m'. It acts faithfully 
on W^(m') = n^(m'). 
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Theorem 10 Under the same assumptions, 

(i) h m is a finite torsion-free A-algebra, 

(ii) there exists a finite integrally closed extension I of A and a A-algebra 
homomorphism h m — * I such that for any fj, E X such that [i = A mod.p and 
4> = /iA -1 is dominant regular, for P a prime in I above Pa, and O' = 1/P, 
there is a commutative diagram 

h m /p h m - a 

I / 

h M (t/;0) m 

where the horizontal arrow is <S> Idyp and the oblique arrow is 9 np for 
some cuspidal automorphic representation np occuring in H d (Su, V^(C)). For 



A, one has 9^ p = 9^ on 7i N . 



(Hi) If it' is another cuspidal representation occuring in H (Sjj, V\(C)), if 
W = n , mod.maxiTjp) , there exists another finite integrally closed extension 
V of A and a A-algebra homomorphism 0' : h m — ► I' lifting 9 n i and for any 
ji and any arithmetic ideal P" in the compositum I • I'; let P = P" n I and 
P' = P" n V; we have 

9-wp = 9 7T /^ / mod.max(Zp) 

Comment: 1) We call a Hida family in (g + l)-variables lifting 9^. 
Statement (iii) means that congruences to 9 n (outside N) can be lifted to 
families of congruences. 

2) Statement (i) implies that h m is flat of relative dimension {g + 1) over 
O; this was predicted by calculations in Sect. 9, example 2, and Sect. 10.5.3, 
Conjecture I, of jn]]; it was already proven g = 2 in [72] under stronger 
assumptions on p. 

3) The representations up occuring in the family whose existence is stated 
in (iii) are cuspidal because h m is cuspidal: by Th.9 (ii), W| d A (m') = W^(m') 
for any \i as in the theorem, H d (Su, V^(0)) m C H d usp (Su, V^(C)) by our Th.2 
and the considerations at the end of Sect. 2.1. 

Proof: It results from the previous one as in Corollary 7.5-7.7 of [72]. 
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10 Application to Taylor- Wiles' systems 



In this section, we apply Theorem 1 to show that some cohomology group Mq 
is free over a finite group algebra 0[Aq] (this is the non-trivial condition to 
be verified for having a Taylor- Wiles' system: Condition (TW3) of Definition 
1.1 in |2?j, see also Proposition 1 of |j3£jl . More precisely, let us fix as above a 
cuspidal stable representation 7r whose finite part ttj occurs in H d (Su, V\(C)), 
for a regular dominant weight A. Let p be a prime at which the level group K 
is unramified. Let r > 1. We consider sets Q = {q±, ...,q r } consisting of primes 
q which are congruent to 1 mod.p and such that the four roots of 9 7T (P q (X) are 
distinct and belong to k. For each q G Q, we fix one of these roots and denote 
it by a q . Let (Z/gZ) x = A q x (Z/gZ)^ where A q is the p-Sylow subgroup 
and (Z/gZ)W the non-p-part of (Z/gZ) x . Let Aq = U qeQ A q . We put 



Uq = {g G U; for any q £ Q, g 



u 




* 
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* 


* 










* 


V 








* 



mod.g}, «€(Z/ 9 Z)W} 



and 

Uo(Q) ={j£ C/Q;foranyg G Q, gmod.q G S(Z/gZ)} 
Let be the abstract Hecke algebra for Uq generated over O by 

• Hecke operators T's outside 

S Q = Ram(U) U{p}uQ 

• the C/q's for each q E Q: 

U q = U Q - diag(l, . . . , 1, q, . . . , q) ■ Uq 

• and by the normal action of Aq = Kq(Q)/ Kq. 

'■ 7~(-Q —> O resp. 6 n : TCq — > k define O-algebra homomorphisms. Let 
rriQ =<w,T- 9 n (T), (T outside Sq), U q - a q ,(q G Q) > . 
It is a maximal ideal of Uq- Consider the following "d-th homology module": 

M Q = H d (S UQ ,V x (K/0)y mQ 

It has a natural action of 0[Aq}. It is a complete intersection noetherian 
local ring. 
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Theorem 11 Assume that (Gal), (RLI) and (GO) hold, and p — 1 > 
max(\X + /o|,4); then, for any Q as above Mq is free over 0[Aq}. 

Proof: By Theorem 1, we know that Mq is free as O-module. Hence, 
it is enough to show that Mq = Mq/w ■ Mq is free over Aq = &[Aq]. By 
Pontryagin duality, Mq is the /c-dual of the tu-torsion submdodule Nq of 
H d {Sjj Q , V\(K/0)) mQ . By the long exact sequence for 

- V x {w- l O/0) - V x (K/0) - V x (K/0) - 
and the vanishing of H d - x {u Q S, V x {K/0)) 

mo ) we see that 
iVQ = ^(5 c/Q ,F A (A;)) mQ . 

Moreover, Aq is complete intersection, hence is a Frobenius algebra: the 
freeness of Mq is equivalent to that of Nq. 

To show that Nq is free, we follow Fujiwara's approach (Sect. 3 of p6| ). 
Since Aq is artinian local, freeness is equivalent to flatness: Tor^ Q (NQ,k) = 
for j > 0. For any I prime to N, consider the sub-semigroup D'q ^ of 
T(Qe) nM2 9 (Zf) pnm consisting in t's such that orde(a(t) < for any positive 
root a of (G, B, T). Let Dq^ = Uq/ ■ D'q e ■ Uqj. For q £ Q, the local Hecke 
algebra Hq a = 1a\Uq a \Dq^/Uq^ is generated by 

A q anddiag(l,q a2 ,...,q a \q c - a \...,q c ~ a2 ,q c ), for < a 2 < . . . < a 9 < c/2}. 
Note that 

We view V\(fc) as an etale sheaf over Xq = S Uq ® Q. For t g T(A JV ) 
and ^ S -Dq ^, the Hecke correspondence [UqHIq] acts on (Xq, V\(k)) via the 
diagram 

^u Q nt- 1 u Q t — SuQiitUQt- 1 
(10.1) TTi / \ vr 2 

where 7ri and 7T2 are the canonical coverings induced by the inclusions of the 
level groups, the horizontal isomorphism is induced by right multiplication 
by t~ . The action on the sheaf V\(k) is via o [t^ 1 ] o -zr^, where [t^ 1 ] : 
7T2Vx(fe) — ► ^\V\{k) is induced by a right action of the p-component t~ l on 
the representation V\ which preserves integrality: see for instance [^] Section 
3.5. 
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We can form a complex C representing RT(X,V\(k)) endowed with an 
action of Gal (Q/Q) x TCq. One can take for instance the global sections 
C'(Xq, V\(k)) of the tale Godement resolution 

C'(X,V x (k)) 

of V\(k) (see [^5[] Sect. 12, p. 129, and Section 3.4 ^7|) whose terms are acyclic. 
More precisely, by functoriality of the construction, the diagrams (10.1) still 
operate on (Xq,C) and induce endomorphisms [UqHTq] of C*. The diagrams 
(10.1) are defined over Q, hence the action of Galois by transport of structure 
commutes to these endomorphisms. The main property that we shall use 
for the Godement resolution is the following. Let / : X — > Y be a finite tale 
Galois covering with Galois group G, let Q be an tale sheaf on Y, let C'(Y, Q)), 
resp. C'(X, f*(G) be the Godement resolution of Q resp. f*Q on Y resp.X. 
G acts on f*C°(X,f*(Q) and the adjunction map a : Q — > f*f*G induces an 
isomorphism 

(f*c(xj*g)f = C'{Y,Q). 

In particular for q E Q and G = A q , we shall make use of the formula 

(10.2) (C'(X Q ,V x (k))) A « = C'(X Q /A q ,V x (k)). 

The hypercohomology spectral sequence applied to C* ®k q k gives rise to 
the Tor-spectral sequence: 

E)f = Tortf(Hi(C), k) -► H i+ i(C* ® k) 

All the maps involved are fc[GaZ(Q/Q)] xT^Q-linear. Let us tensor this spectral 
sequence with the localized Hecke algebra Hq (OT q. We get 

E^(m Q ) = Tor A f{W{C') mQ ,k) - H^(C ® fc)m Q 

Fact: W{C') mQ = for any j ^ d 
Proof: By Theorem 1, we know that 

H j (S UQ ® Q, F A (A;)) mQ = /or j > d. 

This fact implies that the spectral sequence is concentrated on E^IvHq) = 
Tor^f (NQ,k) and therefore degenerates: 

H i+d {C ®Kq k) mQ =E^ d (m Q ). 
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It remains to see that H l+d {C ®a q k) mQ = unless i = 0. 
For this purpose, we consider the exact sequence of complexes 

(10.3) J] {C') A o (C') ffiQ -► (C') ffiQ -► C* C" ®a q fc 

where for each q £ Q, the q-th component of the middle arrow is the 
multiplication by 5 q — 1 on C, for 5 q a generator of A q . By Theorem 1 of 
this paper and by (10.2), we see that the first four complexes of (10.3) have no 
TTlQ-localized cohomology in degree > d. By considering long exact sequences, 
and by exactness of trig-localization, this implies that the same holds for the 
complex of AQ-coinvariants C' A = C* <8>A g k. This concludes the proof. 
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11 Appendix I: On the constructibility of certain 
tale sheaves 



Let X* be the minimal compactification over Q of the Siegel variety X over 
the rationals. Let £ be the standard stratification on X*; the strata have 
dimension c r = r(r + l)/2, r = g, g — 1, . . . ,0. Let r > and U r be the union 
of the strata of dimension greater than c r ; we write E r the stratification on U r 
induced by S. Let j r : U r X* be the natural open immersion. The goal of 
this appendix is to provide a proof for the following proposition which is used 
in Sect. 8. 7 for proving Lemma 18. 

Proposition 7 For any T, r -constructible torsion tale sheaf V on U r , for any 

i > 0, R l j T ,*V is Ti-constructible. 

Proof: Since r is fixed, we abbreviate j r = j. We use a smooth toroidal 
compactification of X. Let U be the level group of our Siegel variety. Let 
S = (S^)^ be a [/-admissible regular rational polyhedral cone decomposition 
of S 2 (Z9 ) (see @ Chap.IV, Th.6.7 and || Sect.12.4); in the above notation, 
£ runs over the set of rational boundary components in the minimal com- 
pactification X* and Sg is a polyhedral cone decomposition of S 2 (N^) for a 
quotient Nt of of rank r^, depending only on £ (here, is the genus of the 
Siegel variety £). Let X§ be the corresponding toroidal compactification of X 
over Q. It is smooth and X$ — X is a divisor with normal crossings, whose 
irreducible components are smooth; it is endowed with a proper morphism 
7r : Xs — > X* defined over Q, inducing the identity on X. The toroidal strat- 
ification {Z(a)} a& s/GL(X) is compatible to (and finer than) the inverse image 
7T _1 (S) of the stratification S (see Th.6.7 of @). By @ Chap. IV.3 or @ 



3.10, the restriction 7T£ of it above any rational boundary component £ of X* is 
a proper morphism with singularities of smooth dnc type: let = Xs xx« £, 
then, locally for the tale topology, we have Op ( = 0^[Ti, . . . , T m ]/ (T± ■ . . . -T n ). 
More precisely, F^ is a disjoint union 

F*= U Z ( CT ) 
creT f 



where 



is the set of cones a £ whose elements are all definite positive on 

% 

Z(cr) = Z^(a) (in the notations of [|lj| p. 106) are the toroidal 

strata. 
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Note that has the property that any cone of containing a cone in 
is in T^; therefore, is closed in the toric immersion E^g^ Moreover, the 
Z(a) are smooth as well as their closures; thus, F^ is tale-locally the boundary 
of a toric immersion of E% for T^, of smooth dnc type, as desired. 

Let U rt s be the inverse image of U r by n, and js ■ U r> s X§ the corre- 
sponding open immersion. We have ir o jg = jo ir. Similarly, let k : X <^-> U r 
resp ks ■ X ^ C/r-,S- By a simple dvissage, one can assume that our tale sheaf 
is of the form V = k\W for a locally constant sheaf W on X. Then, we have 

k\W = 7r* o k$\W 

Let Vs = fcs,!^- We have R q 7r*Vs = if q > 0, by proper base change. 
Hence, R r j* o 7r*Vs = R l (j* ° tt*)Vs = -R*(?r* o js,*)V& which is the abutment 
of a spectral sequence whose i^-term i s RPn* o R q js,*Vs- 

We show now that the sheaves R q js,*Vs are constructible for the natural 
toroidal stratification. By compatibility of the toroidal stratification of Xg 
with that of the toric immersion of E = H om(S 2 (Z 9 ) , G m ) , we can view 
X ^ U r s ^ X a , local-etally as E ^ E r (a) <-> E{a) where E = G^, E r (a) = 
x A n and E(a) = A N . We are now in a cartesian product situation, 
and therefore, by Knneth formula, we are left with the one-dimensional case 

k' j' k' j' 

G m ^G m ^A 1 or G m >-^A 1 ^A 1 . It is easy then to see that R % j^ of k'V is 
constructible. 

By Lemma 21 below, the higher direct images R p ir*(R q js j * Vs) are S- 
constructible. 

This property being preserved by subquotients, we conclude that R l j* o 
7r*Vs is S-constructible. 



Lemma 20 Let Y be an integral scheme over Q and f : X — ► Y be a proper 
morphism of smooth dnc type. Let T = (Xq,Xi, . . . ,X n ) be the stratification 
of X defined by X = X smooth , X i+1 = (X% ~ Xi) smooth . Let T be a T- 
constructible torsion tale sheaf on X. Then R l f*T is locally constant. 

Proof: By properness of /, we know that R % f*T is constructible on Y with 
finite fibers. To check it is locally constant we proceed by induction on dimen- 
sion of X; the maps 

X^X^X l 

provide a dvissage: 
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j\F\ Xo ^ iST -► 

By stability of locally constant sheaves by kernels and extensions, we are 
left with the case of 

By a theorem of M.Artin (expos XII |69fl , see also Illusie's Appendix, p. 252- 
261 in [ffC|]) this sheaf is locally constant (in general, we would need that F\x 
is tamely ramified along the divisor with normal crossings Xq — Xq for a smooth 
compactification Xq Xo over Y, but it is automatic here, since we are in 
characteristic 0). 
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12 Appendix II: An explicit construction of the log 
crystal Va 

In this appendix, we use Weyl's invariant theory to construct automorphic 
vector bundles over Z p , associated to dominant weights of the symplectic group 
G = GSP2 g and of the Levi M of the Siegel parabolic of G. The defect of this 
method (comparing with that of section 5.2) is the lack of functoriality. The 
advantage is to show clearly how the Hodge structure is obtained by plethysms 
from that of i? 1 /*^/^- 

As before, X is the natural smooth model of Sjj over Z( p ), X is a toroidal 
compactification over Z( p ). It is projective smooth and its divisor at infinity 
D has normal crossings. Let / : A — > X be the universal principally polarized 
^-dimensional abelian variety over X; let Y = A Xj ... xj i be the fiber 
product of A by itself s-times above X and f s : Y = A s — » X its structural 
map. Let us recall some facts on algebraic correspondences. 



II. 1 Correspondences over Z( p ) 

We view / : A —* X over Z^ for a prime p not dividing N. Let s > 1. 
Let Z'{Y/X) be the free abelian group generated by irreducible closed X- 
subschemes Z C Y xxY, flat over X. It is graded by the relative codimension 
of cycles. Its quotient A*(Y Xx Y/X) by the submodule of cycles on Y Xx Y 
rationally equivalent to zero is denoted by Corr'{Y/X) and is called the group 
of correspondences on Y relative to X ( p9[ | Section 20.1). By smoothness of 
f s : Y — > X and of X over Z( p ), the group Corr*(Y/X) carries a natural 
structure of graded ring (see Ex.20. 1.1 (c) and Ex. 20.2.3 of p9fl ). 
Let C m {Y/X) {p) = C {Y/X) ® Z (p) . 

A correspondence Z G Corr r {Y/X)^ gives rise (because of the smooth- 
ness of the base X over Z( p )) to a cohomology class 

Cl{Z) G i? 2r (/ s X /.)*n^y /x 
defined by the relative cycle map (See |l^] Chap. IV). Let 5 = g ■ s = dimY . 



We follow [49], Sect 3 in a relative setting: by Knneth formula and Poincare 



duality, we have 

R 2V {fs x fs)*^y<S)Y/X = Homo x {R m+2& 2r fs^y/xi R- m fs,*^Y/x) 

0<m<2r 

We can therefore view the m-th component of Cl{Z) as a degree 2r — 25 
endomorphism of R* f S) *£l Y /x- This defines a homomorphism 
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Corr'(Y/X) (p) -► End 0x R' ' fs&y/x 
which corresponds to letting a cycle Z act by "pri* o pr|" on the sheaf 
-R*/s*^y/x- More precisely, we have : 

Lemma 21 Lei it G R*(f s x /s)*^yg,y/xj ^ en n ( x ) = P r i*(P r 2( x ) u u )- 



Proof : @ Sect.3. 

This homomorphism sends cycles Z of relative codimension 5 + r (—5 < 
r < 5) to degree 2r endomorphisms. We denote by 

C(Y/X)= C 2r (Y/X) 

-6<r<6 

the graded algebra generated by the cycle classes of correspondences; it is a 
finite free Z( p )-algebra. 

In particular, we can view cycles D of Y as cycles in Y Xx Y via the 
diagonal immersion Y Y x x Y (the two resulting projections pri : D — > y 
are equal). This yields 

^ r (y/X) -> Corr r+5 (y/X) (p) - End 0x R'f s *V Y/x . 

Write D i— > [D] for this homomorphism. On the other hand, the action of the 
cycle D by — U Cl(D) yields another homomorphism 



A r (Y/X) -» Endo x R % fs*&\ 



Y/X 



Lemma 22 Xei t:y-»Yxx7 6e i/ie diagonal immersion and A iis image. 
Then for any cycle D of Y , we have 

CI YxY (l*D) = i*Cl Y (D)=pr* 1 (Cl Y (D))UCl YxY (A) = 

pr*(Cl Y (D))uCl YxY (A) 

Proof : By the functoriality of the cycle class map we have the following 
commutative diagram: 

A- (Y/X) -» R 2r f s *n Y/x 

Corr r+s (Y/X) -> R 2r+2S fs*^ YXxY/x 
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where the horizontal arrows are the cycle maps, the left vertical arrow exists 
by properness of i and the right vertical one is the Poincare dual of i*. It 
remains to check that the on the right satisfies 

= prl(x) U CZ Yx y(A) = pr* 2 (x) U C7 Yx y(A). 

By definition of the Poincar duality, it amounts to 

Tr Yx Y{x U t*(y)) = Tr Y (prl(x) U CZy x y(A) U y) 

One has A = i*(Y), therefore by using Poincar duality, we can rewrite the 
right hand side as Try x y('-* opr*(x) U i*(y)), or Try x y(x U i*(y)), as desired, 
same for pri- 

Corollary 5 We have 

[D] = -UCIy(D). 
Proof : We apply the two previous lemmata, noticing that 

pr{{pr* 2 {x U Cl Y {D)) U Cl YxY (A)) = prKpr^x U Cly(D)) U C/y x y(A)) 

= xUCl Y (D). 

Another particular correspondences used in the next, are given by cycles 
of the form D Xx Y in Y xj 7 where D is a relativ cycle in Y of relative 
codimension r. The action of such correspondence is given by the following 
diagram: 

T>m f r)» [- DxY ] T>m—2r f q» 

rt J s,** l y / X Js,* il -Y/X 

I T 

T>28—m f Q» —VXD T>28—m+2r f Q» 

Js,* iCj Y/X Js,* i 'y/x 

where the vertical maps are given by the polarization of the abelian scheme 
Y wich identifie each cohomology space with it's dual and by Poincar duality. 



II. 2 The Z( p )-schematic version of Construction 5.1 

In this section, we consider dominant weights A for (G, B, T) such that s = |A| 
satisfies s + d < p — 1. We attach to such weights A a vector bundle Va with 
connection. Note that because of the need of compatibility with the transcen- 
dental construction over C (using the restriction of the G-representation on 
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V\ to the Siegel parabolic), the definition will involve duals. We define first 
the vector bundle Vi associated to the standard representation V\ of G as 

Vi = R 1 f&A/xi 

endowed with the Gauss-Manin connection. 

We now use the sheaf-theoretic analogue of Construction 5.1 to define 
the dual of Va over X and X n as a direct factor in R' f s *fl Y /x cu * ou ^ by 
algebraic correspondences over Z/ p ) . More precisely, we find an idempotent e\ 
in C(iyX)( p ) realizing this cut out: 

V\ = e\ • R'fsMy/x 
The construction is in four steps: 

1. Project R* f s *£l Y /x ^° O^iO® 8 - This is realized by the Liebermann trick. 
By Knneth formula, we have 

R' fs *^Y/X = (R' f*^A/X 

Moreover, since A is an abelian scheme, one has 

R'f*tt' A / X = A ^1 

Therefore, 

R*fs*^ Y /x= Xvt®...® \vt 

0<ji<2g,...,0<j s <2g 



The summand corresponding to (ji, . . . ,j s ) in the decomposition above 
is the kernel of the correspondences on Y given by [mi]* x . . . x [m s \* — 
m.'i ■ ... ■ ml 3 for all mi, . . . ,m s £ Z. Recall that we assumed also 
p > 5, hence max(d, 4) < p — 1 implies for any g > 1 that 2g < p — 1. 
Hence for any a = 1, . . . , s, we have j a < p — 1. Therefore by choosing 
(mi,...,ra s ) suitably (that is, with coordinates generating (Z/pZ) x ), 
we can construct an idempotent e\ in C(Y/X)^ (of degree 0) such that 
ei • R*f*£t* A i x = Vi® s . 

Then, we realize the contractions <pi^s and their duals ipi j's defined in 
Sect. 5. 1.1, as algebraic correspondences in C(Y/X)( p y 
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2. Them's: 

For any t > 1, let Y t = A Xx ■ ■ ■ Xx A, t times, and f t : Y t — ► X the 
corresponding structural map. We abbreviate Y s = Y. Let pij : Y — > 
A x i be the projection to the ith and jth components. Consider the 
Poincare divisor P in A Xx A (corresponding to the Poincar bundle). 



Definition 8 The de Rham polarisation fyp G V 1 is defined as the 

projection of CIaxa(P) G R 2 f2,*Q° A 2 / x t° {Rf*^A/x)® 2 9^ ven by the 
Knneth formula. 



Consider the pull-back of P by pij; it is a divisor Pjj in F. By 5.2.1, 
it defines a degree 2 endomorphism [Pjj] of R* f s *^ Y /x- We nave a 
commutative diagram 

->;V®s-2 f o» ^, RS-2 f Q« 

l*p,ij i-uci(Pj) . 

->;V®S ns f o» 

? -n. Js,*'' l y/X 

where the horizontal arrows are given by Knneth formula, and ^fp,ij 
consists in inserting fyp at ith and jth indexes. Therefore, the morphism 
*p,ij is induced by the divisor Pjj. 

3. The 0ij's: Consider the self-intersection 2g — 1 times of P; it is a 1-cycle 
on A x A. Take its pull-back to Y by the projection pij : Y ^ A x A 
and again to Y Xx Y by the first projection p\ : Y Xx Y — ► Y. Then, 
intersect this with the pull-back of the diagonal A s _2 in the self-product 
of the remaining s — 2 copies of A in Y. The resulting cycle Zp^j is 
codimension 5 — 1 in Y Xx Y; therefore, it gives rise to a degree —2 
endomorphism of the cohomology. 



Definition 9 Let $ P : V{® A -► Ox &e toe Zmear ctoa/ o/ toe projec- 
tion to {R 2 9- l f*Vf A/x )® 2 by Knneth formula of cl{P 2 ^ 1 ) G P 4 »~ 4 (/ x 

Consider the contraction $p,ij : V^ 0S — > y v ® s ~ 2 by $p at indexes % 
and j. We have a commutative diagram: 
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V^ S - R S fs,^'y/X 

I *P,i,i I Z P,i,j • 

i;V(g)s— 2 ns-2 f r>» 

'1 - rl J s,* iL Y/X 

Thus, $Pi j is given by the correspondence Zp^j. 

4. Apply the Young symmetrizer ca to V^ <s> . This projector has ^(p)- 
coefhcients and belongs to a group algebra of automorphisms of f s , hence 
defines an element of C(Y/X) as in 5.2.1. 

Let us summarize the above constructions. For any dominant weight A of 
G such that |A| < p, we associate a coherent locally free Ox-module Va such 
that 

• Vi = R f^fl^t x * s associated to the standard representation. 

• ®>i, (p) C is the classical complex automorphic bundle associated to A 
(see for example pj p. 222). 



• Let us consider the additive functor V — > V v from the semisimple cate- 
gory of G-representations over of p-small weights to the category of 
coherent locally free Ox-modules defined as above for simple objects. It 
is a functor of abelian categories which commutes with tensor products 
and duality. This functor sends the 0i,/s resp. ipij of Sect. 5. 1.1 to the 
5>j,/s resp. V&jj of the present section. 

II. 3 The Gauss-Manin connection 

Over C, the automorphic vector bundle Va(C) over Sjj carries a natural inte- 
grable connection given by the monodromy action G(Q) — > Aut(V\),g \—* (v \—* 
g.v), where V\ est the irreducible G(C)-representation of highest weight A. We 
call this connection the monodromy connection. To get an algebraic connec- 
tion on the algebraic locally free Ox-module , we first note that the sheaves 
H™ R (Y/X) = R m fs,*Qy/x are naturally endowed with the Gauss-Manin con- 
nection (0]). We claim that this connection induces after analytification, the 
monodromy connection. Indeed, we have just to verify this compatibility on 
7i\ R {A/ X) = R 1 f*Q\jx- This implies in particular that the Gauss-Manin 
connection commute to the idempotent used to define V(C). 

Corollary 6 Over^u,\, the Gauss-Manin connection on Vi commutes to al- 
gebraic correspondences and therefore induces an integrable connection on V\ 
(\\\<p). 
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Proof : Note that 1~t l dR is locally free, hence commutes to base-change: 
Cor. 2 Chapt.2.5 of [52]| . We may replace Z p by C and the assertion follows 
from the discussion above. 

II. 4 Canonical extension to toroidal compact ificat ion over Z(p) 

In the complex setting, Mumford (|3j|, see also |l3|], section VI. 4) define a 
canonical extension Va(C) over X(C) of the automorphic vector bundle Va(C). 
As explained by Harris (|i5|, (4.2.2)), this canonical extension is the extension 
provided by Deligne's existence theorem. As the toroidal extension is defined 
over Q, we deduce that the extension is also defined over Q, we denote by 
Va.q this extension over Q, viewed as a coherent locally free module over 
Xq = X ® Zp Q. To extend this automorphic sheaves to , we proceed as 
follows. 

First, consider 

A A_ 

if 17 

X <-> X 

(for the construction of A over Z[l/iV], see Th.1.1 of IV. 1 []l3|| ) then, the 
canonical extension Vi of the standard sheaf Vi = R 1 f*^\jx to X is 

Vi = R^^^log oo J/T ) 

(where VL^^—{log oo^^) denotes the complex of relative differentials with rel- 
ative logarithmic poles as defined in section 4.3). 

For s < p, let f s : Y — > X be a toroidal compactification of f s : Y — > X. 
The canonical extension of R s fs*^y/x ^° ^ can ^ e defined in a similar way 
as before. That is R s f s ^(logoo) . Then, for a dominant weight A such 

that |A| = s < p, the canonical extension of is defined by 
Va = J*Va, q n R s J s *ny /T (logoo) 

where j : Xq, — > X is the open immersion of the generic fiber Xq in X. Va 
is a coherent locally free O^-module, direct factor of R s f s ^Qy^—(logoo) and 

^A^ZpQ = Vaq- Moreover the Gauss-Manin connexion induces an integrable 
connection on • Note that this definition is legitimate by the semisimplicity 
of the category of G-representions over Z( p ) with p-small weight (Lemma 7 of 
sect. 5.1.1 with G instead of M). 
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Remark : A better way to extend this automorphic sheaves is to extend 
the idempotents e\ to the toroidal compactification: if Y is a scheme and Y 
is an open subscheme, then there is an exact sequence (|29| 1.1.8): 

A.(Y-Y)^A.(Y)^A.(Y)^0 

The natural way to extend a cycle of Y to Y is to take it's closure. In 
the case of a toroidal imbedding, Lemma 3.1. of |35| suggest to consider 
the normalization of the closure. So we obtain correspondances e\ over Y. 
Unfortunatly, we can not see that e\ is an idempotent. The problem is that 
the closure of the intersection of two cycles is not equal, in general, to the 
intersection of the closure of this cycles. 



II. 5 Automorphic bundles for the Levi M 

To every 5^-dominant weight [A, one can also associate W^n, a locally free 
Ox n -module; it is called the automorphic bundle attached to [i. The construc- 
tion is similar to the one sketched above. Consider the semiabelian scheme 
fg : Q — > X associated to our fixed toroidal compactification (see Th. 5.7, 
Chapt.IV of |H|]), which extends the universal abelian surface / : A — *■ X. 
Then, the automorphic bundle on X n associated to the standard representa- 



tion W\ is Lie(A/X n ) , and by part (3) of Theorem 5.7 of |13j mentioned 



above, its canonical extension Wun is Lie(C//X n ) v . Then one uses the same 
trick as above to construct from the tensor product of hie(Q/X n ) y by 

itself s-times. We note here that we can use the deep result of Harris (pB|, 
Th.4.2) to recover the rationality of the canonical extention of such automor- 
phic vector bundles. 
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